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ABSTRACT

The unique features of spinless time-reversal symmetry and tunable Z2 gauge fields in artificial systems facilitate the emergence of topological
properties in the landscape, such as the recently explored M€obius-twisted phase and real second-order nodal-loop semimetals. However, these
properties have predominantly been proposed only in theoretical frameworks. In this study, we present a cunningly designed blueprint for
realizing an acoustic real second-order nodal-loop semimetal through the incorporation of projective translation symmetry into a three-
dimensional stacked acoustic graphitic lattice. Additionally, we introduce non-Hermitian modulation to the topologically protected propaga-
tion of degenerate drumhead surface and hinge states, which depend on the specific on-site gain and loss textures. It should be emphasized
that this demonstration can be extended to other classical wave systems, thereby potentially opening up opportunities for the design of func-
tional topological devices.
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Topological systems in condensed matter physics have gained
significant attention in recent decades due to their rich phenomenol-
ogy.1–7 The use of arbitrary designed structures and precise measuring
technology makes artificial systems, such as photonics,8–10 acous-
tics11–21 and electric circuits,22,23 ideal platforms for studying topologi-
cal phases of matter. Unlike electrons, excitations in artificial systems
can have spinless or integer spins under T-reversal symmetry and pos-
sess intrinsic Z2 gauge fields. Thus, there are still numerous unique
and intriguing topological phenomena to be explored in classical
systems.

Most recently, it has been discovered that spatial symmetries can
be represented projectively under a gauge field, leading to the realiza-
tion of intriguing topological phases.24–34 For instance, theoretical pro-
posals include Kramers degenerate bands and Majorana boundary
states in spinless systems, as well as real Stiefel–Whitney topological
phases in spinful systems. The switching between spinless and spinful
topological phases and the three-dimensional real second-order nodal-
loop semimetal (SNOOPI) can be achieved under the projective space-
time inversion symmetry.25,27–29 Notably, only a subset of the

aforementioned theories have been confirmed in artificial systems,
such as M€obius-twisted topological phases and the spinless/spinful
switching process.30–32 Most recently, a second-order nodal-loop topo-
logical semimetal was experimentally reported based on a three-
dimensional rectangular sonic crystal.34

In this study, we present a blueprint design for an acoustic model
that achieves the realization of a real SNOOPI system. Our approach
involves utilizing a 3D graphite lattice with coupled cavities, arranged
in a stacked configuration, which supports the inherent fourfold Dirac
point. By introducing negative couplings, the interlayer flux of p is
obtained and the real Dirac points come in pairs, obeying the
Nielsen–Ninomiya No-go theorem.25 After applying alternating
dimerization, i.e., modulating the interlayer couplings between differ-
ent sites alternatively, each Dirac point is split into a real nodal loop. In
comparison with the previously reported acoustic topological semime-
tals35–42 and higher-order topological semimetals,43–46 our acoustic
real SNOOPI system demonstrates a distinct characteristic of possess-
ing a double degeneracy of drumhead surface and hinge states. Finally,
we further add on-site non-Hermitian gain and loss,16,47–50 resulting
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in preserved topology, yet in the presence of either amplifying or atten-
uating states, which enriches the categories of topological semimetals
incorporating artificial gauge field.

We begin with a tight-binding model (TBM) of the SNOOPI as
shown in Fig. 1(a), which is formed by 3D stacking the coupled graph-
ite layers with sites A and B under projective translation symmetries.
Note that the couplings between the nearest sites in each single layer
are denoted by blue lines with a strength of t. Red dashed lines indicate
the negative interlayer couplings of sites A, while positive interlayer
couplings are labeled by green solid lines connecting sites B of different
layers. The alternating strength (J1 and J2) of the negative/positive cou-
pling is further considered, as depicted in Fig. 1(a). The corresponding
Hamiltonian of this model can be written as

HðkÞ ¼
X4

i¼1

fiðkÞCi þ g1ðkzÞiC4C5 þ g2ðkzÞiC3C5; (1)

with f1ðkÞ þ if2ðkÞ ¼ t
P3

i¼1 e
ikai , where ai represents the three

bond vectors for each hexagonal layer. In Eq. (1), f3ðkÞ ¼ ðJ1 þ J2Þð1
þcosðkyÞÞ=2; f4ðkÞ¼ðJ1þJ2ÞsinðkyÞ=2; g1ðkzÞ¼ðJ1J2Þð1cosðkyÞÞ=
2; g2ðkzÞ¼ðJ1 J2ÞsinðkyÞ=2;C1¼s0r1;C

2¼s0r2;C
3¼s1r3;

C4¼s2r3, and C5¼s3r3, where s and r are two sets of the Pauli
matrices that parameterize a unit cell. In the right panel of Fig. 1(a), it
can be observed that every interlayer rectangular plaquette encloses a p
flux under the Z2 gauge fields.29 There exist mirror symmetry My

through the zx-plane and the primitive translation Lz along the z direc-
tion, which apply the anticommutation relation of fMz;Lzg¼0. It
has been proven that the corner K in 3D BZ is invariant under the
D3 group. The projective algebraic relations correspond to the group
D3Z2 given by

fLKz ;Mg ¼ fLKz ;RpTg ¼ 0; ðLKz Þ2 ¼ 1;

where R/ is the / rotation along the z axis (see the supplementary
material).28,34 By setting t ¼ J1 ¼ J2 ¼ 1, a fourfold real Dirac point
emerges at the corners of the folded Brillouin zone (BZ), which can be
found in the calculated band structure depicted in Fig. 1(b). With the
extended k  p method, highly degenerate Fermi points corresponding
to higher-dimensional irreducible representations (IRREPs) of the
modified little co-group can be generated. For our graphite lattice
model, the little co-group GK has 4D IRREPs (see the supplementary
material for the detail analysis). Thus, there exist fourfold Dirac points.
In addition, the fourfold real Dirac points are protected by PT symme-
try due to ðPTÞ2 ¼ 1, which have been proved in previous litera-
ture.28,34 To identify the positions of Dirac points in the reciprocal
space, a complete band structure at the plane of kz ¼ p=az is plotted
in Fig. 1(c), where az represents the lattice constant along the z direc-
tion. The color contour of the bands illustrates the energy variation rel-
ative to the zero-energy Fermi level, with the red labels signifying the
minimum value representing the band degeneracy. From the projec-
tion, we can clearly observe six Dirac points at the BZ corners. In this
case, the stacking of two Weyl points with opposite chiralities in the
unfolded BZ explains the presence of Dirac points. The supplementary
material provides an explanation of the associated band folding mech-
anism. Next, the alternating dimerization with J1 6¼ J2 is taken into
considerations, and the calculated band structure of the TBM is shown
in Fig. 1(d). We find that the Dirac degeneracy is lifted, but a doubly
degenerate nodal loop appears between points A and H of the BZ.
Seen in the complete band structure in Fig. 1(e), a real nodal loop nor-
mal to the kz direction around BZ corners is formed.

We extend the TBM to account for positive/negative couplings
and dimerization in the real acoustic SNOOPI shown in Fig. 2(a).
Usually, a pair of identical air cavities coupled with narrow tubes are
utilized to achieve acoustic positive/negative couplings through varying
the positions of the tubes in 2D systems.51 However, due to the much
more complex structures in 3D sonic crystal, the positions of the cou-
pling tubes need to be altered on demand, which may significantly
affect the eigenfrequencies of the acoustic resonators in such systems
and lead to some inevitable problems during the designing process. To
overcome this obstacle, we propose a unit cell of 3D stacked sonic lat-
tice as shown in the inset of Fig. 2(a), where each site (colored by yel-
low) is composed of two cavities with a radius of r¼ 16.15mm
connected by a cylindrical tube with a radius of 5.65mm. The distance
between these two cavities is set to 56mm. Compared with the previ-
ously reported protocols, our structure supports the lower resonant
frequency and enables arbitrary modulation of the direction of the
coupling tubes while keeping the acoustic resonant frequencies stable
(see the supplementary material). The couplings between the nearest
sites in each single layer are mimicked by the V-shaped blue tubes

FIG. 1. Theoretical tight-binding model of the SNOOPI. (a) Illustration of the model
built by a 3D stacked graphite lattice. The right panel shows the unit cell. (b)
Theoretical and (c) complete band structures for the undimerized lattice with
J1 ¼ J2 ¼ t ¼ 1 at the plane kz ¼ p=az . Inset: locations of Dirac points in the
reciprocal space. (d) and (e) The same as (b) and (c), but for the dimerized lattice
with t¼ 1, J1 ¼ 1:44, and J2 ¼ 0:64. Inset: locations of nodal loops.
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with radius rt ¼ 3 mm and a total length of 89.64mm. The lattice con-
stant of the graphite layer is a ¼

ffiffiffi
3

p
d with d¼ 70mm. The interlayer

positive/negative couplings can be modulated by adjusting the radii of
the alternating green/red tubes to R1 and R2. The interval between
each layer is H¼ 70mm, resulting in a period of az ¼ 2H along the z
direction. The simulations presented in this work are calculated using
the commercial finite-element-method software COMSOL
Multiphysics. The standard parameters for air are the mass density
q0 ¼ 1:21 kg/m3 and sound speed c0 ¼ 343 m/s. With the interlayer
couplings fixed at R1 ¼ R2 ¼ rt ¼ 3 mm, the dispersion relation of
the sonic crystal shown in Figs. 2(b) and 2(c) contains a fourfold
degenerate Dirac point at each BZ corner around the frequency of
1044Hz, which aligns well with the TBM prediction in Figs. 1(b) and
1(c). Note that the simulated acoustic bands are not strictly twofold
degenerate, which can be ascribed to the presence of the inevitable
long-range couplings and the interactions among different acoustic
modes in such cavity-tube-coupled sonic crystals. In Figs. 2(d) and
2(e), the Dirac points are split into nodal loops normal to the kz direc-
tion when the radii of the coupling tubes are changed to R1 ¼ 3.6 and
R2 ¼ 2.4mm. We emphasize that the discussed real nodal loop pos-
sesses both a first and second Stiefel–Whitney topological charges,27,28

giving rise to degenerate drumhead surface and hinge states as will be
discussed in the following. The details for calculating the topological
invariant can be found in the supplementary material.

To investigate the drumhead surface states in the acoustic
SNOOPI, we calculate the band diagrams of a semi-infinite sonic crys-
tal as shown in Fig. 3. First, the structure consists of 14 units along the
direction with an angle of 30 to the y axis, while it extends infinitely
along the other two directions. The dispersion relations at the plane of
kz ¼ p=az ¼ 0.5p=H are shown in Fig. 3(a), with the geometrical
parameters identical to those in Figs. 2(d) and 2(e). Notably, degener-
ate drumhead surface states are identified around the frequencies of
1030 and 1063Hz, indicated by blue dots in Fig. 3(a). Additional
boundary cells are included at the termination to emulate the open
boundary condition in the TBM,17,52–54 which ensures the degeneracy
of boundary states (see the supplementary material for the theoretical
results from TBM). Simulated acoustic pressure field distributions of
the surface eigenstates are presented in Fig. 3(b), which confine sound
energy tightly at the external surfaces parallel to the xz-plane.
Remarkably, the eigenstates (i) and (ii) exhibit anti-symmetric pat-
terns, while the eigenstates (iii) and (iv) display symmetric ones. To
further explore the behavior of the structure, Fig. 3(c) illustrates the
dispersion relations when the structure is finite along the z direction
(with 15 layers) but infinite along the other two directions. The clearly
observed degenerate bands of the drumhead surface states explicate

FIG. 2. Acoustic structure of the cunningly designed SNOOPI. (a) Structural sche-
matic of the designed acoustic SNOOPI made of coupled cavities. The right panel
shows the unit cell. (b) Theoretical and (c) complete band structure for the sonic lat-
tice with R1 ¼ R2 ¼ rt ¼ 3 mm at the plane of kz ¼ 0:5p=H. The color represents
the absolute frequency difference between the band and the Dirac point. (d) and (e)
The same as (b) and (c), but introduces the alternating dimerization with R1 > R2.

FIG. 3. (a) Dispersion relations of the acoustic semi-infinite structure with periodic
boundary conditions along the x and z directions. Wave number kz is pinned at
kz ¼ p=az . Bulk and drumhead surfaces states are labeled as gray circles and
blue dots, respectively. (b) Simulated acoustic pressure field distribution of the
eigenstates for the drumhead surfaces states marked in (a). (c) and (d) The same
as (a) and (b), but for the acoustic structure with the finite size along the z direction
but periodic boundary conditions along other two directions instead. Wave number
ky is pinned at ky¼ 0. Acoustic profiles of the bulk states are also illustrated in (d).
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the characteristic of the nodal loop. For comparison, acoustic profiles
of both bulk and surface states are presented in Fig. 3(d), where sound
spreads into the bulk for eigenstates (iii) and (iv), but propagates along
the external surfaces parallel to the xy-plane for eigenstates (i) and (ii).

Beyond demonstrating the 2D drumhead surface states, we con-
tinue to study 1D hinge states propagating along the hinge of the
acoustic SNOOPI. A supercell, depicted in Fig. 4(b), is designed based
on the same geometrical parameters as Figs. 2(d) and 2(e), with infinite
extension along the x direction, eight units along a direction at an
angle of 30 to the y axis, and 15 layers along the z direction to ensure
inversion symmetry. We observe a pair of degenerate hinge states
labeled by red dots in Fig. 4(a) around the central frequency of
f¼ 1044Hz while scanning along kx. Note that the hinge states only
exist in the right bandgap, which is protected by the nontrivial topo-
logical invariant in this region as discussed in the supplementary mate-
rial. The acoustic profiles in Fig. 4(b) demonstrate that the states exist
only along the diagonal hinges, unlike their off diagonal counterparts.
This can be attributed to the characteristics of the drumhead surface
states shown in Fig. 3, where sound waves are confined solely to site-A
cavities along the top xy-plane and only to site-B cavities along the bot-
tom xy-plane. We demonstrate that the positions of the hinge states
can be reversed to become off diagonal by alternating the dimerization
factors J1 and J2. Additionally, we provide a numerical discussion of
the topological hinge states in the frequency domain. For this purpose,
a 6 8 15 3D acoustic SNOOPI is designed, as shown in Fig. 4(c).
A point source, marked by a red star, is placed at the desired position
along different hinges. By appropriately setting the excitation fre-
quency, hinges I and III can be excited, as depicted in Fig. 4(c).

However, as shown in Fig. 4(d), hinges II and IV are not excited, which
is consistent with the previous discussion.

Finally, we extend the investigation of SNOOPI by introducing
non-Hermiticity in terms of on-site gain and loss, as shown in
Fig. 5(a). The Hamiltonian can be written as

HðkÞ ¼
X4

i¼1

fiðkÞCi þ g1ðkzÞiC4C5 þ g2ðkzÞiC3C5  giC6; (2)

where C6 ¼ s0  r3, and g represents the amount of gain/loss. We
employ the active acoustic metamaterials with an effective complex
sound velocity to serve as the acoustic gain and loss. To balance gain
and loss, each unit consists of two gain sites and two loss sites.
Specifically, the effective velocity in the site-A cavities is defined as
closs ¼ ð1þ ibÞc0 for the loss component, and that in site-B cavities is
cgain ¼ ð1 ibÞc0 for the gain component. Here, b represents the
non-Hermitian factor. The mass density is kept as q0. Fixing the non-
Hermitian factor to b ¼ 0:01, we examine the drumhead surface states
in the xy-plane by calculating the dispersion relations of the ribbon-
shaped structure as was done in Fig. 3(a). The real band diagrams in
Fig. 5(b) show identical results with the Hermitian case, and the degen-
erate drumhead surface states can still be obtained. When zooming
into the complex bands of the anti-symmetric surfaces states (i) and
(ii) as displayed in Fig. 5(c), the eigenfrequencies are found to be com-
plex conjugate. This indicates that the states (i) confined to the right sur-
face have negative imaginary frequencies, signifying amplifying states.
On the other hand, the states (ii) on the left surface have positive imagi-
nary frequencies, suggesting attenuation of the acoustic states. Figure 5
(d) shows the real band diagram for the structure, which is finite along

FIG. 4. (a) Simulated dispersion based on
a super cell, which is infinite along the x
direction but finite along other directions.
(b) Acoustic profiles of the hinge eigen-
states along the x direction as marked in
(a). (c) and (d) Simulated distributions of
the pressure fields when placing a point
source at (c) the hinges I and III and (d)
the hinge II.
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the z direction as discussed in Fig. 3(c). Two of the bulk bands intersect
at the nodal loops, become degenerate, and act as surface states after-
ward. As evident from the zoom-in view of the complex dispersion
relation [Fig. 5(e)], the bulk bands are purely real before approaching
the nodal loop, beyond which they transform into complex conjugate
surface states. The non-Hermitian modulation of the hinge states is
also analyzed in Fig. 5(f). In Fig. 5(g), the complex hinge states (i) and
(ii) for kx ¼ p=a are computed as a function of b. Their imaginary
counterparts clearly display a thresholdless phase transition as the
complex conjugate states grow linearly with b.

In conclusion, we have designed a realistic SNOOPI utilizing
acoustic waves. By introducing positive and negative couplings, we
obtain degenerate bands and fourfold Dirac points. The Dirac points
are lifted by the alternating dimerization, resulting in doubly degen-
erate nodal loops. The combined space-time inversion symmetry of
the acoustic SNOOPI enables the presence of both ordinary drum-
head surface states and a pair of states confined along the diagonal
hinges. In addition, we study the influence of non-Hermiticity by
introducing acoustic gain and loss. We found that the added non-
Hermitian component is able to render the surface hinge states either
amplifying or attenuating. Our study demonstrates the potential to
expose more intriguing topological phases of matter, by exploring
the projective symmetry and non-Hermiticity in accessible acoustic
settings.

See the supplementary material for explanation of the irreducible
representation and symmetry, the band folding mechanism, advan-
tages of our proposed structures, topological invariants of the stacked
graphite lattice model, calculated dispersion relations of the ribbon-
shaped structure from TBM, and the location of the hinge states.
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