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M Check for updates

Light and sound are the most ubiquitous forms of waves, associated with a variety
of phenomena and physical effects such as rainbows and echoes. Light and sound,
both categorized as classical waves, have lately been broughtinto unexpected

connections with exotic topological phases of matter. We are currently witnessing
the onset of a second wave of active research into this topic. The past decade has

been marked by fundamental advances comprising two-dimensional quantum Hall
insulators and quantum spin and valley Hall insulators, whose topological properties
are characterized using linear band topology. Here, going beyond these conventional
topological systems, we focus on the latest frontiers, including non-Hermitian,
nonlinear and non-Abelian topology as well as topological defects, for which the
characterization of the topological features goes beyond the standard band-topology
language. In addition to an overview of the current state of the art, we also survey
futureresearch directions for valuable applications.

For many years, there have been persistent efforts to find novel
ways to manipulate light and sound waves, which are two impor-
tant sources of energy and information with which we perceive the
world. Conventional wisdom is to control the frequency, polarization,
amplitude and phase, which are fundamental and intrinsic degrees
of freedomwidely exploited within the field of metamaterials2. Very
recently, the topology degree of freedom that relies on symmetries
has offered an alternative and unprecedented approach for light
and sound manipulation, leading to novel photonic and acoustic
topological structures beyond the realm of metamaterials. Ruled by
the symmetry-protected topological order, the hallmark of topologi-
calinsulators (Tls) is interfacial edge states, which are governed by
the bulk-edge correspondence relating these states to bulk topo-
logical invariants®*. This unusual and non-trivial design paradigm
for classical waves particularly cameinto fruition through the ability
toenablerobust, defect and disorder-immune waveguiding. Moreo-
ver, long-established experimental photonic and acoustic platforms
offer a versatile setting for the studies of these novel topological
phases, owing to well-controlled material processing and mature
characterization techniques®™®.

Tracing the developments of topological photonics and acoustics,
onefirstencounters the quantumHallinsulators, also known as Chern
insulators. Such kinds of TIs are characterized by a quantized topo-
logical invariant, that is, the Chern number'®, which is defined by the
number of monopoles associated with the Berry fluxinthe momentum
space’. Manifested by chiral edge states in the bandgaps, quantum Hall
insulatorsimply breaking of the time-reversal (7)) symmetry. For exam-
ple, gyromagnetic materials subject to magnetic fields and circulating
airflows violate the 7 symmetry for electromagnetic and acoustic
waves, respectively, giving rise to classical analogues of the quantum

Hall effect™ . An alternative strategy towards this goal relies on apply-
ing a time-harmonic modulation of the involved constituents in pho-
tonic and sonic crystals. By properly adjusting the modulation, an
effective magnetic field can be produced, leading to anon-trivial topol-
ogy.Suchkinds of topological system, dubbed Floquet Tls, have been
widely investigated in both photonics™® and acoustics®?°, featuring
the same gapless edge states® as those of unmodulated quantum Hall
insulators. Other schemes to realize effective magnetic fields or equiv-
alent fluxes have also been suggested viastrains?, chiral? or negative
couplings®.

On another front, topological configurations with intact 7 sym-
metry have emerged in the context of spin Hall insulators or Z, Tls,
featuring spin-dependent in-gap edge states** . The key ingredient
of such Tls is the spin-orbital coupling, which has been realized in
photonicand acoustic systems using different techniques. By manip-
ulation of either the polarization or the lattice degree of freedom, and/
ordegenerate Bloch modes, the so-called Kramers-like degeneracies,
comprising pseudospins that are protected by quantized Z, topo-
logical invariants, were constructed® . Also, with preserved 7 sym-
metry but with either broken inversion or mirror symmetries,
multifaceted geometrical photonic and acoustic designs have paved
the way for valley Hall Tls using artificially engineered hexagonal
lattices®* ¥,

Recent developments of higher-order TIs*® have also greatly ben-
efited fromthe versatile photonic and acoustic designs, leading to novel
topological systems, including dipole and multipole insulators® %,
These higher-order Tls host multidimensional topological states, which
havealsobeenrealized in other platforms such as electric circuits* =2,
In addition to TIs with bandgaps, gapless topological structures have
attracted alot of attentionin photonics and acoustics®. Suchstructures
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Fig.1|Beyond conventional topological systems. a, A typical band structure
(top) and the non-trivial Berry curvature (bottom) for conventional Tls.
Theintegral of the non-trivial Berry curvature over the Brillouin zone, whichis
isomorphictoatorusintwo dimensions, givesrise to the topological invariant
that characterizes the non-trivial topology. As aresult, topological edge states
emergeinthe bulkbandgap asthetopillustration shows. b, Atopological non-
Hermitianband characterized by complex-energy winding. Such windingis
defined by the eigenenergy trajectory forming closed loops in the complex-
energy plane, whichis fundamentally different from the conventional Tls
depictedina, wherethenon-trivialtopology is characterized by eigenstate
winding.c, The topology of anonlinear systemis different from the linear
counterpartand cannot be defined using the traditional methods, becauseit is

feature exotic band degeneracies, such as Dirac and Weyl points?>**~,

quadratic and higher-order dispersions®, nodal lines**° and their
varieties® %, Associated with these degeneracies, lower-dimensional
Fermiarcs connecting their projections are manifested as robust topo-
logical edge states.

As discussed, the robustness feature of topological photonic and
acoustic systems is linked to a symmetry, be it time-reversal or spa-
tially introduced lattice symmetry that protects the corresponding
topologicalinvariant, whichis defined based on the integration of the
Berry curvature associated with the band structure of conventional
systems as summarized above (Fig. 1a). However, in other less con-
ventional configurations, the process of defining asymmetry-related
topologicalinvariant differs from the standard approach (Fig. 1b-e).
For example, in non-Hermitian, nonlinear and non-Abelian systems,
the topological features cannot be characterized based on the stand-
ardlinear band topology, as the band structures of such systems con-
tain complex-valued eigenvectors, multiple entangled bandgaps
or simply cannot be characterized based on Bloch band theory, the
same as for real-space topological defects lacking global transla-
tion symmetry. To overcome these challenges, numerous studies
have been carried out to investigate the topological characteristics
of the aforementioned non-standard systems, leading to a second
wave of topological phenomena in photonic and acoustic settings,
which are summarized in this Review. We believe that our Review
provides atimely survey of this fast- growing field and thus serves as a
guide covering technical details and discussing future directions. We
summarize the developments in non-Hermitian topology, nonlinear
topology and non-Abelian topology, discuss topological defects, and
finally provide an outlook.
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notfeasible to determine the band structure of anonlinear system. However,
thetopologicalindex canbeidentified by alternative approaches, for instance,
by analysing the transmission phase and its winding behaviour as the input
power tothesystemisincreased. d, Compared with Abelian gap topology and
therobustedge stateina, band-degeneracy-formed knotand braid structures
inthe energy dispersion are also robust against perturbations. The left panel
shows the simplest non-trivial trefoil knot, whose knot group isisomorphic to
the non-Abelian braid group B; with three strands. Theright panel shows abasic
braid plot withtwo strands. e, Avortex defect is shown, whose topology
originates from the distortion winding (m,is distortion strength). The colours
illustrate its non-uniform spatial mass modulation'’. Panel e reproduced with
permission fromref.157, Springer Nature Ltd.

Non-Hermitian topology

Studieson TIsin gainless and lossless systems ruled the early beginnings
of photonic and acoustic advances, which have now been thoroughly
broadened by the notion of non-Hermitian topology®*. Non-Hermiticity
represents energy exchanges with the ambient environment and is
ubiquitousin opensystems. Owing to the loss of Hermiticity, the eigen-
values of a non-Hermitian system typically become complex and the
eigenvectorslose their orthogonality, accordingly, leading tointriguing
non-Hermitian topological properties that modify or sometimes even
profoundly change the otherwise Hermitian topology. In this section,
wereview the recent advances in this growing field.

For Hermitian systems, the energy (or frequency) dispersion rela-
tion is critical for determining topological phenomena®. Regarding
the non-Hermitian counterparts, the bands play an equally important
role, but, owing to their complex nature, the definitions become less
straightforward compared with the Hermitian counterpart. Primarily,
the bandgaps of the eigenenergies in the complex plane distribute in
either aline-like or a point-like fashion®. If the complex band spectra
of anon-Hermitian Hamiltonian H(k) are separated by abaseline [;, the
system has alinegap. In contrast, H(k) contains a point gap if acomplex
base (Fermi) energy E; exists such that det[H(k) — Eg] # O, V k within the
Brillouin zone, where k denotes the wavevector (see Box 1for details).

It has been proven that any non-Hermitian Hamiltonian with line
gaps can be continuously deformed into either a Hermitian (for real)
orananti-Hermitian (forimaginary line gaps) matrix®*%*. Correspond-
ingly, the non-Hermitian systeminherits topological properties from
its Hermitian counterpart and the topological invariant can there-
fore alsobe determined following the Hermitian scheme upon proper



Box 1

Non-Hermitian bandgaps

Consider two periodic lattices whose non-Hermiticity comes
from the on-site gain and loss (panel a) and the asymmetric
couplings (panel b). The first lattice hosts complex line gaps,
which can be further classified into real and imaginary ones
(panel €). The second lattice, however, permits special point gaps
even if there is only one band (panel d). These two non-Hermitian
lattices represent two general classes that can be engineered

in photonics or acoustic systems. Although loss is ubiquitous
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transformation. For example, it has been shown that aSu-Schrieffer—
Heeger (SSH) model®® with on-site gain and loss still supports mid-
gap edge states characterized by the non-trivial Zak phase, similar to
its Hermitian counterpart® . The difference is that the edge states
become amplifying or lossy®”” (yet in a parity—time (PT) symmetric
system, they may remain real®). Taking advantage of the topologi-
cal robustness, non-Hermitian edge states have inspired extensive
investigationsin photonics and acoustics to connect those interfacial
waves with lasing action (Fig. 2a). In photonics, it has been shown that
non-Hermitian edge states can exhibit enhanced visibility and high
stability during lasing”®. In acoustics, efforts have been made to real-
ize sasers (the acoustic version of lasers), relying on non-Hermitian
TIs with electro-thermoacoustic couplings as the acoustic analogue
of gain® (Fig. 2b).

Unlike line gaps, zero-dimensional point gaps enable special eigen-
energy windings (Box 1), which giverise to novel band topology thatis
unique tonon-Hermitian systems and responsible for ahost of phenom-
ena such as the non-Hermitian skin effect (NHSE)®, complex-energy
braiding®*%¢ and even gapless exceptional features®. The NHSE is
an effect that is attributed to an almost complete localization of all
eigenstates at boundaries when driven by non-Hermiticity®®®’, which
originates from their complex windings® (note that recently a type of
NHSE without energy windings was discussed®). Again, photonics and
acoustics platforms have shown ways toimplement this effect® *. For
example, by applying time modulation to an optical fibre loop, asym-
metric couplings are obtained for photons, giving rise to the NHSE
where light is asymmetrically transported and funnelled to desired
locations (Fig. 2c).

The complex-energy twistingandbraiding (Fig. 2d) have beenrecently
found to form braid groups and even carry non-Abelian features®5¢,
whichis discussedinthe section ‘Non-Abelian physicsin photonic and
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in absorbing materials, gain and asymmetric couplings require
additional design sophistications. For example, pumping in
semiconductors leads to optical gain™® and amplitude and phase
modulation give rise to asymmetric couplings®®. Sonic gain,
however, has been achieved using acoustic-electric devices® or
electro-thermoacoustic coupling®?. Thus, the shape of the complex
bandgaps enables a systematical topological classification and
provides a theoretical guideline to understand non-Hermitian Tls.

b Asymmetric couplings

Point gap

acoustic systems’. Often, band twisting and braiding involve energy
windings related to the point gaps. However, it was soon realized that
owing to the multiband nature, only a small fraction of the braided
bands have well-defined point and line gaps, suggesting the need for
amore advanced homotopy theory®****, These advancements only
assume band separation® and thus provide amore general characteri-
zation of the non-Hermitian bands using braid groups, which comple-
ments the point- and line-gap schemes.

Another emerging branch focuses on the gapless non-Hermitian
degeneracies, which unlike the Hermitian counterpart, can be driven
towards aphase exhibiting footprints of exceptional characteristics® 5,
Such features likewise fall within the scope of non-Hermitian band
topology that can be characterized via the point-and line-gap scheme®
or the homotopy theory®*. For example, Fig. 2e exemplifies a Weyl
exceptional ring associated with simultaneously coalesced eigenvalues
and eigenvectors when scattering loss is added into a photonic wave-
guidearray.Ingeneral, using various lattice symmetries, non-Hermitian
degeneracies materialize ina plethora of guises, including exceptional
points, lines and rings and even complex links? %%, evenin the context
of the NHSE'**'%, Therefore, combining non-Hermitian components
withtopology remains a thriving arena for studies of sound and light,
and itis expected that the ability to engineer both periodic and ape-
riodic artificial systems'® will stimulate ongoing fundamental and
applied activities.

Nonlinear topology

Most of the proposed topological structures share acommon prop-
erty: fromasystem point of view, they are linear, obeying the so-called
superposition principle!”. Nonlinearity, however, isacommon feature
of many physical systems, which can lead to interesting effects such
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Fig.2|Non-Hermitiantopological phenomena. a,b, Examples of photonic
and acoustic topological lasers. The non-trivial lattice topologies are set to
execute gain through stimulated emission and thermoacoustics, for the optical
(a) and sonic (b) implementations’>®2. B, denotes the magnetic field and 4 the
geometry perturbations. ¢, The NHSE and alight funnel have been demonstrated
in systems with asymmetric couplings and non-Hermitian point-gap topology®.
C,,representtheinter-andintracell couplings, with §the non-Hermitian
perturbation.d, Complex-energy braiding ina photonic ring-resonator design
withamplitude and phase modulators has been designed to showcase

as harmonic generation, self-focusing and solitonic propagation’®,
none of which can occur in linear domains. For this reason, over the
past few years, tremendous attention has been paid to the interplay
between nonlinearity and topological physics, opening the research
field of nonlinear TIs'%.

The existence of nonlinearitiesin a system poses challenges for the
theoretical understanding of Tls and their edge states. In fact, when
the nonlinearities become strong, the modal solution of a periodic
structure can no longer be characterized using a Bloch-like function,
preventing one from defining a band structure, from which, conven-
tionally, atopological invariant can be defined. As such, active research
is ongoing to understand the topological properties of photonic and
acoustic systems in the nonlinear domain.

Compared with conventional linear topological structures, nonlin-
ear Tls provide inherent reconfigurability. In particular, the nonlinear
behaviour of such kinds of topological systems implies the dependence
of the dynamics of their edge states on the excitation intensity. This
feature offers a unique external control over not only topological phase
transitions but also the characteristics of the corresponding in-gap
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non-Abelian features®. BS1and BS2 are two beamsplitters; £ denotes the
complexeigenenergy of the coupled-resonator system; and Qis the free spectral
range of theresonators. e, A Weyl exceptional ring spreading from a Hermitian
Weyl point takes place by introducingscatteringloss into a photonic helical
waveguide array'’°. d,.,, indicates the length of the breaks in the helical
waveguides; Ristheradius of the helix; Zand a are, respectively, the vertical
and horizontal helix periods. Panels reproduced with permission from:
a,ref.72, AAAS; b, ref. 82, Springer Nature Ltd; ¢, ref. 91, AAAS; d, ref. 86,
Springer Nature Ltd; e, ref.100, Springer Nature Ltd.

edge states. This property paves the way towards the next generation
of reconfigurable photonic and acoustic devices with topological
features.

Reference 110 demonstrates a genuine nonlinearity-induced pho-
tonic TI, based on a bipartite square lattice of coupled optical wave-
guides, shown in Fig. 3a. The lattice features alternating linear and
nonlinear couplings. The nonlinear couplingis achieved by introducing
adetuning between the effective refractive indices of the optical wave-
guides. This forces a certain fraction of light to remain in the initially
excited guide at all times, leading to a Kerr-type nonlinearity. In the
linear regime (low power), the lattice structure remains topologically
trivial. Yet, as the optical power is increased, the systemis driveninto
the topologically non-trivial regime above a certain power threshold.
This resultsinapower-dependence output intensity of the system, as
shown in Fig. 3b. When launching low-power light at P=100 kW into
the edge waveguide (left panel), the light diffractsinto the bulk of the
lattice, leading to alow transfer ratio. In contrast, when the input peak
power is increased to P=3.5 MW (right panel), the system is derived
into the topologically non-trivial phase, leading to the suppression
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Fig.3|Nonlinearity-induced topological structures. a, Demonstration ofa
two-dimensional nonlinear photonic Tl, based on coupled optical waveguides
with detunedrefractiveindex, enabling aKerr-type nonlinearity. d, lattice
constant.b, Inthe low-power regime, the light diffractsinto the bulk of the
lattice. For high values of theinput power, however, the systemis derivedintoa
topologically non-trivial phase, leading to the formation of a chiral edge channel.
¢, Non-Hermitian topology: anon-Hermitian topological SSH model based on
coupled optical waveguides, in which the gainandloss are controlled with
nonlinearity. The active control of theloss and gain switches the systembetween

of the undesired bulk diffraction and the formation of desired chiral
edge channel.

Nonlinear topological structures have also been studied in phon-
onics. In a mechanical setting™, the nonlinearity management of an
SSH-like mass-spring system was reported, consisting of masses con-
nected with two types of nonlinear spring with stiffening and softening
types. The nonlinear coupling drives the system into a topologically
non-trivial phase in the regime of high-intensity power. Likewise, in
ref.112, atunable nonlinear acoustic topological system was proposed
based onthe same principle. These proposals promise to enable agen-
eration of reconfigurable and robust topological devices. Beyond this,
the extension of topologicalideas to the nonlinear realmenables alarge
variety of unprecedented physical phenomena that have no counter-
partsinthelinear domains, some of which are briefly discussed in the
following section.

Emerging topics in nonlinear topology
The structure described in Fig. 3a was made from passive elements,
corresponding to a Hermitian Hamiltonian. Recently, the concept

b Linear edge excitation

Nonlinear edge excitation

First cycle First cycle
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B —
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PT-and non-PT-symmetric regimes. The transition between the PT-and
non-PT-symmetric regimesisaccompanied by destruction and restoration
ofthe topological zero-energy mode with gainy (left) and lossy (right)
interfaces'. d, Formation of an optical solitonic wave along the edge of a
Floquet TI'*. e, Formation of anonlinearity-induced corner mode at the corner
ofasecond-order TIwith nonlinear effects'®. Panels adapted with permission
from:a,b, ref.110, AAAS; d, ref. 114, AAAS; e, ref. 118, under a Creative Commons
licence CCBY 4.0. Panel creproduced with permission fromref. 113, AAAS.

of nonlinear TIs has been extended to the realm of non-Hermitian
systems, including active elements and featuring interesting phe-
nomena such as PT symmetry®®. Similar to the Hermitian case, non-
linear effects in non-Hermitian Tls can be leveraged as a tuning knob
to control the properties of the corresponding topological edge
states. Inref. 113, the possibility of controlling PT symmetry and the
corresponding non-Hermitian topological edge states is demon-
strated in a photonic TI. This is achieved based on a non-Hermitian
SSH lattice, consisting of gainy (y) and lossy (-y) waveguides and
aninterface defect. The optical nonlinearity changes the real part
of the refractive index of the waveguides, enabling active control
of the loss and gain of the non-Hermitian SSH lattice, switching it
between PT-symmetric and non-PT-symmetric regimes. The tran-
sition between the PT-symmetric and non-PT-symmetric regimes
is accompanied by destruction and restoration of the topological
zero-energy mode. This phenomenonis observed in Fig. 3¢, illustrat-
ing the nonlinear restoring of topological states in aninitially non-PT
lattice thatis truncated with againy (left panel) or alossy (right panel)
interface.
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Fig.4|Non-Abelian wave physics. With high-dimensional parameter space
employed, the evolution operators are no longer commutative, indicating non-
Abelianstructures. As examples, these physical operators can be elements of
anabstract.a, SU(2) group, wherein temporal modulation (¢ rotation around
yaxis) and the Faraday effect (9 rotation around zaxis) contribute to the two
rotation operators (S;) acting on the initial state S;. b, Abraid group B, inwhich
state evolutions along certain parameter loops manifest as braid operators,

Another interesting phenomenon related to nonlinear Tlsis solitonic
wave propagation alongside the corresponding edge states, which
happens when the nonlinear effects compensate for the dispersive
effects in the system. Figure 3d shows an example of solitonic wave
propagation with topological features, demonstrated in ref. 114 based
onanarray of periodically modulated waveguides designed to realize
aFloquet-type photonic Tl. Inthe presence of nonlinearity, the optical
Kerr effect leads to the formation of an optical solitonic wave, propa-
gating without changing its shape along the edge of the topological
structure (Fig.3d). Topological edge solitons have been proposed and
implemented in other reports™>"°, Yet, active research is ongoing to
understand the topological properties and robustness of such kinds
of edge states, which cannot be simply characterized based on the
band-topology definitioninthe linear systems. Furthermore, the exten-
sionof nonlinear topological systems to higher orders, characterized by
anon-trivialbulk polarizationis also anemerging direction. Inref.117,
nonlinear topology of second order was theoretically proposed, and
afterwards demonstrated experimentally based onaphotonicstructure
consisting of arhomboidal kagome lattice™®. Figure 3e shows the forma-
tion of gapless corner states, the hallmark of second-order topology,
whentheinput power to the systemincreases, invoking the nonlinear
effects. Such kinds of nonlinearity-induced corner modes open the
door to exciting applications such as energy harvesting and lasing.

Non-Abelian physics in photonic and acoustic systems

Band topology is best displayed in terms of robust boundary responses,
asdiscussedin the previous sections. Another examplein band theory
revealing robust behaviour associated with topology protectionis the
knot structure, which exhibits acomplex set of topological invariants
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represented by G,and G,. ¢, A permutation group, D;, wherein the permutation
operators (geometrically demonstrated as mirror operations M, and M,) are
eigenstates exchanginginanon-Hermitiansystem.d, In contrasttoatwo-
band model captured by an Abelian topological invariant, multiple entangled
bands with real eigenfunctions involve non-Abelian band topology. The
symbolsindicate band nodes characterized by non-Abelian group elements.
Panelaadapted with permission fromref.119, AAAS.

and is mathematically classified through non-Abelian groups. The
non-Abelian groups feature non-commutativity of operations and are
pervasive in physics. Inthis section, we review recent findings on how
non-Abelian structures, including non-Abelian gauge fields,
non-Abelian geometric phases and non-Abelian topological charges,
emerge in classical wave systems. A common example to introduce
non-Abelian operations is two rotations in three-dimensional spaces
aboutthexandyaxes. By mappingtherotation operation to a physical
quantity (gauge field) and mimicking them in a real system, a
non-Abelian gauge field emerges to entangle degenerate modes
through external fields. A previous study utilized degenerate optical
modes sequenced by two rotation operatorsto break the 7 symmetry
and synthesize anon-Abelian gauge field, as shownin Fig.4a, in which
one rotation is the temporal modulation and the other is the Faraday
effect'. In addition, by reinspecting the contribution of material
parameter anisotropy, a wide class of anisotropic materials imitate a
non-Abelian gauge field for two-dimensional optical waves'. Braiding
isanother non-Abelian operation andis of great significance for phys-
ics, asitis regarded as one promising way to achieve fault-tolerant
topological quantum computing'®. Exchanging two anyons in two
dimensions can mimic the braiding operation, inducing a matrix-valued
phase to the wavefunction relative to the initial state. Such a
matrix-valued phase can be non-Abelian when three or more anyons
are involved. Unfortunately, considerable technological challenges
persist in observing anyons. Interestingly, parallel transport of two
degenerate states in the parameter space along a quarter surface of a
sphere reproduces the braiding operation'??. Replicating the
non-Abelian geometric phases by adiabatic evolution of multiple degen-
erate statesis proposed in acoustics and arrays of laser-written wave-
guides to generate the unitary group'? as well as the braid group™*'%,



shown in Fig. 4b. In these classical systems, however, without the
many-body topological protection, the chiral-symmetry-protected
mode degeneracy is fragile and delicate in terms of its artificial struc-
ture designs. To circumvent the effects of structural imperfections,
dynamically driving the degenerate modes through tunable external
fieldsis a promising direction. Even without the perfectly degenerate
modes, multiple-state evolution introduces non-Abelian behaviour
suchasnon-Abelian Thouless pumping'® ¥, The non-Abelian property
originates from the non-commutative combination of two distinct
pump cycles between three states. The non-Abelian geometric phase
also exits at a self-dual system, which affects the semiclassical propaga-
tion of wavepackets and leads to non-commuting mechanical
responses'®, Moreover, topological braiding of complex-energy bands
is possible owing to state exchange encircling multiple exceptional
points in non-Hermitian systems, wherein diverse knot-structured
energy spectra have been observed®'?'*°, as shown in Fig. 2d. Also,
permutation groups can be non-Abelian. A closed loop around an
exceptional pointisaccompanied by state permutations™. For instance,
the permutation forms the element of the dihedral group whichis also
non-Abelian, asillustrated in Fig. 4c.

Inaddition to exploring non-Abelian phenomena based on manipu-
lating states, researchersreinspected the topological invariantinband
physics and found non-Abelian structures. A single bandgap or band
node can be characterized by a topological invariant, with tenfold
classification being a prime example™. The symmetry underlying a
structure further enriches the classification, in which the topological
invariants are usually classified into Abelian groups. Rooted in the
Abelian character, common wisdom holds that band and bandgap
topology are linked to each other by simple addition, and the Weyl
points can annihilate with different chirality. Both are challenged by
the introduction of non-Abelian band topology based on multiband
descriptions instead of a single band.

The scope of topological effects associated with Dirac or Weyl points,
characterized by Abelian topological invariants, can be further
advanced by considering nodal-line metals with multiple bands.
Research reveals the non-Abelian charge of band nodes™. In the pres-
ence of certain symmetries (combination of space-inversion or rotation
and 7 symmetry), the eigenstates are real-valued, indicating trivial
topologyinthe previous frameworks. Nevertheless, the space of avail-
able Hamiltonians to stabilize the nodal lines is characterized by these
real eigenstates space, giving additional classifications to distinguish
the Hamiltonians. A powerful mathematical tool to classify these spaces
is the fundamental group, which can be Abelian or non-Abelian, asso-
ciated with the number of involved bands, as shownin Fig. 4d. Itis noted
that the idea is also applied to classify non-Hermitian band topology
as well®. In the simplest one-dimensional three-band model, the fun-
damental group of the eigenstate space is isomorphic to
m(0(3)/0(1)%) = Q, where O(3) is the orthogonal group spanned by the
real eigenfunctions, O(1) represents the gauge freedom, and Q forms
anon-Abelian quaternion group. Such non-Abelian characteristics
induced by collective consideration of multiple bands are possible to
manifest more complex scenarios. Prominent examples include
non-trivialbandgaps and corresponding edge states in one-dimensional
systems beyond the Zak phase description™*, and non-Abelian band
nodes and the patch Euler class in the two-dimensional systems™ %,
In three dimensions, the salient feature of non-Abelian topological
protection is transferred to the emergence of various admissible
nodal-line configurations such as nodal chain*°, nodal ring® and nodal
earring™'. In particular, the theory based on multiband description
predicts non-Abelian topological charges, which arise upon braiding
the nodes inside the momentum space'?. The interplay of the
non-Abelian topology with space symmetries enables topological phase
transitions in which pairs of Weyl points may scatter or convert into
nodal-line rings, liberated from fundamental constraints based on
Abelian band topology, which predicts that two Weyl points will

annihilate with different chirality. The richness of non-Abelian physics
offers substantial unexplored opportunities, where topological effects
can emerge. Of particular interest is the bulk-boundary correspond-
ence: as the non-Abelian charge is not an integer compared with the
Chernnumber, its correspondence to the number of edge states is not
obvious. Althoughits generalization to non-Abelian regions is already
exemplified™*'*, strict mathematical certification is still an ongoing
challenge.

Topological defects

We learned that when defects are introduced to the topological lat-
tice while the underlying symmetry is not ruptured, confined edge or
corner states prevail. In this section, we do not focus on the non-trivial
resilience against the added defects; instead, we focus on topologi-
cal defects in an otherwise perfect crystal. These topological defects
are labelled as such because no lattice rearrangement or continuous
deformation can fix them as they constitute local kinks or obstruc-
tions in an order parameter field. Typically, these defects contain a
core where the order is destroyed and an outer zone of slowly varying
variables*', We label defects depending on the type of symmetry
thatis broken. For example, disclinations and dislocations break with
the rotational and translational lattice symmetry, respectively, and
arefoundtobe plentifulin nature. The stripe pattern of azebraindeed
has those two defect types: disclinations are seenin the changes of the
stripe orientations around its limbs, whereas dislocation ‘pitchforks’ are
present where new stripes seemto split the order, as shown in Fig. 5a.
Other prominent examples are grain boundaries that are topological
line defects between crystallites asin polycrystalline graphene® and
topological vortices that can bind Majorana bound states to the vortex
core intopological superconductors',

Inthe previous sections, we reviewed systems governed by the bulk-
boundary correspondence and the non-Bloch version of it, which are
atthe core of topologically robust states, respectively, ruling the Her-
mitian and non-Hermitian non-trivial interface confinements. Topo-
logical defects, in contrast, constitute an extension thereof, inthat the
real-space topology of the specific defect plays a pivotal role in con-
nectionwith the underlying band topology inreciprocal (momentum)
space!** ™2, Hence, amodification of the conventional bulk-boundary
correspondence pertains to specific bulk-defect correspondences,
which we expand onin the following.

Defects as in superfluids and topological superconductors are of
the vortex type that cannot be destroyed by a continuous deforma-
tion of the order parameter™”">*, For example, asingular vortex carries
a quantized magnetic flux that can be characterized by a real-space
winding number, which shares a similar origin to the non-zero Berry
phase in non-trivial Tls. The Jackiw-Rossi model, describing how a
zero mode can bind to the vortex core, was originally conceived in
quantum field theory and subsequently discussed in graphene in the
context of atopological midgap state in the Dirac spectrum®*'>, It was
shown thatby adding agap-opening parameter in the form of avortex,
atopological zero-energy state becomes trapped at the vortex core.
Later it was shown that this concept can be mapped onto magnetic
flux vortices in spinless, p-wave superconductors™. As the seminal
finding was exploredin asingle-particle scenario, it did not take much
time until entirely classical zero-mode analogies were unearthed™’.
Researchers took an acoustic approach towards this type of topo-
logical vortex defect at which a sonic zero-mode is pinned**°, By
3D-printing a plastic lattice to emulate graphene’s Dirac spectrum, a
so-called Kekulé texture provided the necessary spatial mass modu-
lation to form a vortex incorporating an angular phase winding, as
showninFig.5b.Indoingso, asonicbound state remains topologically
pinned to the acoustic Dirac frequency, regardless of any particle-
hole symmetry-preserving defects introduced. Using steel bolts on a
plate arranged in a honeycomb pattern established the basis for the
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Fig.5|Topological defects. a, Topological disclination (red box) and
dislocations (blue boxes) displayed in nature onazebra’s stripes. b, lllustration
of anacousticJackiw-Rossi vortex comprising a Kekulé radii textureinafinite
triangular sonic lattice'®. Such atopological vortex has been explored both
using photonics and acoustics lattice settings. ¢, Topological disclination
defectsinasquareand ahexagonallattice trappingafractional charge quantized

Kekulé-distorted mechanical vortex implementation through flex-
ural mode vibrations'°. At higher megahertz frequencies, a similar
approach has beenimplemented, but also considering an auxiliary
orbital degree of freedom and nonlinearities'. An equally exciting
avenue concerning topological vortex defects has been paved using
light. Employing femtosecond laser direct writing to create waveguide
lattices and electron-beam lithography to textured triangular perfora-
tionsinasiliconlayer has successfully led to near-infrared topological
zeromodes and a Dirac-vortex topological-cavity surface-emitting laser
attelecommunication wavelengths, respectively®**2'® Furthermore,
asdiscussedinthe previous section, non-Abelian braiding of vortices
can be carried out and even bound vortex light in association with
emulated cosmic strings is possible®*'¢,

The bulk-disclination correspondence links lattice bulk topology
with the real-space topological defect charge and has recently led
to the observation of fractional charges trapped at defects lacking
rotation symmetry. Broadly speaking, topological crystalline insula-
tors have exhibited a wealth of quantized phenomena, among which
zero-dimensional localized states are quantized in fractions of the
elementary electronic charge (e)***'”. Thus, in addition to the topol-
ogy features of the band structure, the Frank angle and the Burgers
vector, which characterize the disclination defects by their rotation and
translation, respectively, enable insight into their topological interplay,
and, moreimportantly, canbe used to determine the fractional disclina-
tion charge, asreported in two contributions ontopological crystalline
insulators using a microwave metamaterial'®® and a photonic crystal
approach'®, In the former experiment, it was found that the charge
quantizesin units of e/4inasquarelattice, and in thelatter, inunits of e/6
using ahexagonal lattice (Fig. 5¢). Inthe absence of fractional charges,
researchers engineered disclinations in acoustic lattices with topo-
logical midgap states protected by chiral symmetry'°. Recently, atopo-
logical valley Hall phase has also beenincorporated with human-made
disclinations using both photonic and elastic configurations'72,

Dislocations, as briefly mentioned above, are topological defects that
owing to the conservation of the Burgers vector cannot be removed
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inunits of e/4 and e/6, respectively'®®'*®.d, lllustration of a screw dislocation
comprising the cut-and-glued planes in three dimensions'®. Panels adapted
with permission from: a, David Minty (https://www.flickr.com/photos/its_all_
about_the_light/44762387315/sizes/1/), under a Creative Commons licence
CCBY2.0;c,ref.178,Springer Nature Ltd; d, ref.152, Springer Nature Ltd.
Panelbreproduced with permission fromref.158, APS.

throughlocal perturbations. The two types are edge dislocations that
run perpendicular and the screw dislocations that run parallel to its
Burgers vector. Interestingly, a study discussed how lattice dislocations
ofthelatter typeinso-called weak three-dimensional Tls can host gap-
less helicalmodes, closely resembling the ones from a two-dimensional
quantum spinHallinsulator™? Evidence of such bulk-dislocation cor-
respondence was provided with two back-to-back acoustic experiments
using 3D printing and a cut-and-glue approach (or Volterra process) to
create the helical defect along which the acoustic dislocation modes
spiral”'™, Another recent experiment took a photonic route at opti-
cal frequencies'. Lastly, other planar defects include the domain
walls (similar to grain boundaries), which have been synthesized in
intersecting sonic lattices that flank a topological corner excitation®,
Also, another promising avenue constitutes fractal photonic Tls whose
self-similar topology features increased velocities compared with

conventional TIs"”’.

Outlook

Inthis Review, we addressed afocused scope of research avenues that
marks the most recent frontiers in topological studies comprising
light and sound. The way this field has emerged still seems to be its
main driving force. Topological classical waves using human-made
acoustical and photoniclattices rose to popularity in a close race with
itsforerunner frontier of topological quantum materials. What seemed
tobehard, evenimpossible at times, to explore in topological quantum
materials often stimulated a surge to emulate the equivalent classical
analogy using sound or light. Compared with electronic materials, arti-
ficial acoustic and photonic bandgap materials have non-equilibrium
characteristics and their band structure is not constrained by Fermi
levels. Furthermore, these classical lattices have the advantages of
flexible structure adjustability, easy manufacturing and measurement.
Therefore, this frontier has grown to become an appealing platform to
unravel fundamental topological physics with practicalimplementa-
tionsyet to be unearthed. In this spirit, as we covered throughout this
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Review, we have witnessed numerous wave-based advances focusing
onthe non-Hermitian, nonlinear and non-Abelian aspects of topology,
including deterministically engineered topological defects. It is thus
foreseeable that the lessons learned in creating topological phases of
robust guiding of sound and light will become a priority topic among
scientists and engineers aiming at taking an application-oriented route.

The unique band topology of photonic and acoustic lattices, par-
ticularly in two dimensions, provides a host of technical opportunities
owing to their most representative phenomena such as the quantum
Hall or valley Hall effects, which provide a novel topological wave-
guide scheme comprising suppressed reflection of sound or light.
The attributes that are associated with the advantageous form of
guiding waves pertain to spin-momentum locking, backscattering
suppression, free-path steering, strong defect immunity and multi
degree-of-freedomregulation, which have the potential to revolution-
ize photonic and acoustic devices. Energy transportation systems
based on topological waveguides offer much higher robustness than
traditional waveguides. Resonators realized using topological ring
waveguides and higher-order topological corner insulators are both
wave-confining systems with potential applications for energy harvest-
ing. These advantages provide a feasible technical path forimproving
the robustness of various acoustic (kilohertz to gigahertz) and pho-
tonic (gigahertz to petahertz) resonators, filters, delay-line devices,
routers, circulators, opto-acoustic modulators, lasers, directional
emitters and so on.

Beyond these more tangible directions, there are also many other
importantaspects emergingin this researchfield, in particular provid-
ing possibilities for the development of topological quantuminforma-
tion. Although a direct link between this topic and classical topology,
rightfully spoken, seems obscure, alight- or sound-based understand-
ing of topological quantum computation may lead to deeper insight
into non-Abelian geometric phases, anyon-like statistics, concatenated
operations and holonomic transformations.

Tangible and conceptual questions still remain at the forefront of
current activities concerning topological sound and light control. What
started as a curiosity-driven undertaking, has seriously expandedinto
influentialexploration on geometry-induced and protected wave-based
properties to take the next generation of devices by storm.
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