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Non-reciprocal wave propagation in acoustic and elastic media has received much atten-
tion of researchers in recent years. This phenomenon can be achieved by breaking the reci-
procity through space- and/or time-dependent constitutive material properties, which is an
important step in overcoming the limitations of conventional acoustic- and phononic-like
mechanical lattices. A special class of mechanical metamaterials with non-reciprocal wave
transmission are latices with time-modulated mass and stiffness properties. Here, we in-
vestigate the non-reciprocity in elastic locally resonant and phononic-like one-dimensional
lattices with inerter elements where mass and stiffness properties are simultaneously
modulated through inerters and springs as harmonic functions of time. By considering
the Bloch theorem and Fourier expansions, the frequency-band structures are determined
for each configuration while asymmetric band gaps are found by using the weighting and
threshold method. The reduction in frequency due to introduced inerters was observed in
both phononic and locally resonant metamaterials. Dynamic analysis of finite-length lat-
tices by the finite difference method revealed a uni-directional wave propagation. Special
attention is given to phononic-like lattice based on a discrete-continuous system of multi-
ple coupled beams. Moreover, the existence of edge modes in the discrete phononic lattice
is confirmed through the bulk-edge correspondence and their time evolution quantified
by the topologically invariant Chern number. The proposed methodology used to inves-
tigate non-reciprocal wave transmission in one-dimensional inerter-based lattices can be
extended to study more complex two-dimensional lattices.

© 2022 Published by Elsevier Inc.

1. Introduction

Recent progress in metamaterials and phononic systems with unique mechanical properties provides great opportunities
for new designs in different fields such as civil, mechanical and aerospace engineering and bio-engineering [1]. These appli-
cations are often based on the control of acoustic and elastic wave propagation properties or vibration attenuation capabili-
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ties both in lower and higher frequency ranges. Some cutting-edge examples include novel meta- implants and biomaterials
[2], sensing devices, mechanical diodes and energy harvesters [3]. Similarly as with their firstly discovered counterparts
in solid-state physics and electromagnetism, the mechanical metamaterials’ unique wave propagation properties come from
their internal architecture and spatial periodicity. The main difference between phononic crystals (PC) and acoustic metama-
terials (AMM) in their classical setup is that the latter can have locally resonant substructures, which enables one to create
and manipulate band gaps at lower frequency regimes [4]. This is important for the control of wave propagation properties
in vibration isolation, seismic wave attenuation and energy harvesting applications [5]. Most of the unique wave propagation
properties of the aforementioned media appear due to the special periodicity and material properties of their representative
unit cells (UC). This means that one can manipulate their special properties to achieve some intriguing phenomena such as
the topological pumping of edge modes [6] through spatial modulation of stiffness, or the Hofstadter butterfly effect [7] by
introducing quasi-periodicity.

The uni-directional wave propagation property of a special class of metamaterials with space-time modulated material
characteristics is based on the broken reciprocity [8]. Namely, reciprocity in elastodynamics and acoustics usually denotes
the property of a medium that the frequency response measured between two points does not change when the source
and the receiver switch places. This property is also considered to be robust in terms of energy losses and inhomogeneities
in the material. However, by modulating the periodic media properties one can break the reciprocity and achieve unique
dynamical characteristics, which are manifested in asymmetric band gaps and uni-directional transfer of wave energy for
a given excitation frequency. There are numerous applications of non-reciprocal wave propagation in the design of new
devices in electromagnetics such as circulators, frequency mixer, one-way beam splitters, non-reciprocal antennas [9], and
many other analogous examples in mechanics [10], electro-mechanics [11], magneto-elastic systems [12] and acoustics [13].
From the theoretical point of view, the band structure properties of such systems can be investigated by considering differ-
ent mathematical approaches. The most common approach is based on the Floquet-Bloch theorem [14] in conjunction with
the Fourier expansion, which was applied to study discrete mechanical lattices with time-modulated stiffness [15] and mass
properties [16], or both of these properties modulated simultaneously [17]. In [18], another approach based on the asymp-
totic approximation and perturbation method was applied for dispersion analysis, one-way wave transmission, amplification
and wave-blocking. For continuous structures, the plane wave expansion method (PWEM) found great application in the
determination of the asymmetrical band-gaps in space-time modulated structural elements such as rod, beam, membranes,
and plates [10,19-21]. The PWEM is shown to be very useful in understanding the wave propagation through the axially
moving rod with space-time varying properties [22].

The concept of time-modulated materials has inspired many researchers to use these properties for control of wave en-
ergy and uni-directional propagation [23,24]. The most common approach in time modulation of material properties is based
on imposed external fields, where a high modulation speed comparable to the wave propagation velocity can be achieved.
Another way includes piezoelectric patches, where the stiffness of the beam can be modulated in time through the negative
capacitance shunts and controlled by a switching circuit [25]. In [26], metamaterial beam properties are modulated based on
the array of periodically distributed magnets and coils, where magnets are rigidly bonded to the host beam whereas coils
are elastically attached to it through a pair of flexible cantilevers. The electro-actuated metamaterial beam with attached
resonators was introduced in [27]. However, metamaterials with time-modulated mass properties are much more difficult
to produce in practice. In [16,17], the time-modulation of stiffness and mass properties of the PC type of lattice was pro-
posed based on moving point masses within the UCs and without any externally applied field. Moreover, the authors used
the Bloch-Fourier procedure to determine the dispersion characteristics and study the uni-directional wave propagation.
Another study [28] shows uni-directional wave propagation in AMM lattices with time-modulated mass and stiffness prop-
erties. Interesting models of mechanical and electro-mechanical systems with time-modulated mass or stiffness properties
were proposed in the first chapter of the book [29]. In the present work, time-dependent mass properties will be introduced
through time-modulated ideal inerters that can be used in both phononic and locally resonant metamaterial lattices [30,31].

The first appearance of inerters as structural elements is related to the work of Smith [32,33], that was later experimen-
tally verified in [34]. Two comprehensive review studies [35,36] showed a number of interesting applications and practical
realizations of different types of inerters ranging from purely mechanical, to combinations of mechanical and hydraulic, as
well as electro-mechanical inerters. Their application in engineering includes mostly, but is not limited to, vibration attenua-
tion. The introduction of the inerter into the structural model as the vibration absorber is very often related to the demands
for improved performance and reduced weight and size of the system, which makes them almost ideal candidates to be
incorporated into metamaterials. Inerter-based discrete lattice model in the form of AMM was introduced in [37] to study
its effect on longitudinal wave propagation. The authors have demonstrated how the inerter can contribute to both the
up-shift and down-shift of the band gap frequency range. Further, the inerter-based lattices and locally resonant structures
showed a great application in a special class of seismic metamaterials for low-frequency wave propagation control as shown
in [30,38]. In [39] it was demonstrated how inerters introduced in local resonators attached to the elastic beam structure
can broaden the low-frequency band gaps. Moreover, in [31] the authors showed how the band gap widths and responses
of AMMs and PCs are directly dependent on the location and magnitude of the inerter elements.

In this work, we systematically investigate the uni-directional wave propagation in inerter-based lattices with time-
modulated mass, inertance, and stiffness properties. Time modulation of mass properties is performed through the inerter
elements introduced into discrete models of mass-spring systems in their phononic and locally resonant lattice setup. More-
over, a uni-directional waveguide based on the system of multiple beams coupled through discrete spring and inerter ele-
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Fig. 1. Illustration of the possible physical model of a mechanical inerter device..

ments with time-modulated stiffness and inertance properties is investigated for the first time. By considering the Floquet-
Bloch theorem and the Fourier expansion, the initial system of motion equations is reduced to the quadratic eigenvalue
problem. The obtained band structures are used to investigate asymmetric band gaps. The finite difference method is em-
ployed to obtain time responses and demonstrate the uni-directional wave propagation. Moreover, we revealed the existence
of topologically protected one-way edge modes by using the principle of bulk-edge correspondence. Finally, the topologically
invariant Chern number is calculated for discrete phononic lattices to quantify the time evolution of edge modes in the con-
figuration with inerter elements.

2. The inerter-based lattices with time-modulated inertance and stiffness properties
2.1. Introduction to inerters and time-modulation of mechanical properties

In the literature, the authors have proposed many different designs of mechanical inerter devices. Some of them include
ball-screw-based inerters [33] while another more simple design is based on levered secondary masses [40]| connected
through rigid links to that of an independent degree of freedom in the direction normal to the transverse axis. One such
inerter is illustrated in Fig. 1, where secondary masses are denoted as m;, while the angle between the rigid links and the
base is . The main issue is how to achieve time-modulated properties of such inerter devices. One approach can include the
introduction of a linear time-varying spring of stiffness K, (t), which is connecting two secondary masses (see Fig. 1 left).
One can also apply a combination of permanent and electromagnets that can be represented by a nonlinear equivalent
spring (e.g. see [41]). According to Banerjee et al. [40], Hussein et al. [42], if such inerters are implemented into the one-
dimensional lattice and under the assumption of small displacements, the force acting from inertial amplifier onto the
baseline mass along the direction of the wave propagation could be defined as

My, (lip — Tip) + 2Ky (t) (uz — uy)
4tan?(9)

where uq 5 are displacements of the baseline masses. Here, one can notice that this force depends on the values of secondary
masses, the stiffness of the spring connecting these masses, and the angle between the lever arm and the baseline. If the
value of the spring K, (t) is varied with time, the force will also vary with it. This stiffness will mainly contribute to the
stiffness matrix and therefore we can speak only about the time-modulated stiffness properties. In a similar manner, one
can achieve time-modulated ground springs by using the soft magnetorheological (MR) elastomer foundation between the
mass and the fixed baseline that produces the force proportional to the stiffness kq(t) of the spring and varied with the
exerted magnetic field. However, to directly achieve time-modulation of the inertance one should be able to vary mass with
time which is very difficult to achieve in practice, and somehow different designs of inerter devices need to be suggested
(see [29], p. 10). Therefore, for the sake of clarity, in this work, we are only dealing with non-dimensional time-varying
parameters in order to investigate their effect on uni-directional wave propagation without going into details about their
physicality.

For the purpose of further analysis, we will consider the phononic-like mass-spring-inerter lattice illustrated in (Fig. 2a)
and similar inerter-based mass-in-mass locally resonant lattice given in (Fig. 2b). These lattices consist of periodically dis-
tributed unit cells of mass-spring-inerter sub-systems connected into an infinite dimensional chain. Therefore, the main
difference between these two chain models is the presence of internal resonators in the case of unit cells with mass-in-
mass sub-systems. In order study the Bloch wave propagation, the first step is to form an infinite dimensional chain and
define the corresponding periodic boundary conditions. Figure 2 shows the corresponding nth unit cell (UC) of the phononic
lattice (PL) and locally resonant lattice (LRL) confined by red dashed rectangles. For the presented PL model, the UC consists
of three identical masses connected with different time-modulated springs and inerters. Moreover, each point mass is con-

En(t) = : (1)

318



D. Karli¢i¢, M. Caji¢, S. Paunovic et al. Applied Mathematical Modelling 117 (2023) 316-335

n-th unit cell

u(t) u (t) u(t)
M

0 k{t) k(t)
FDA%@J m?gﬁjgg,(t) B, (1) WB ) Hﬁgﬁj

(a)
n-th unit cell

B,(t)

](91( t kg3( t)
I@Bgl(t) HjAG%Jiag;(t) HiNE@'
(b)

Fig. 2. The inerter-based one-dimensional lattices constituted of periodically placed mass-spring-inerter elements with time-modulated stiffness and in-
erter properties: (a) phononic lattice, and (b) locally resonant metamaterial chain. The unit cell (confined by a red dashed rectangle) consists of three
masses (phononic case) or three mass-in-mass sub-systems (locally resonant case) interconnected with spring and inerter elements. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)

nected to a fixed base by a time-modulated spring and inerter. Furthermore, UC of the LRL has a similar design, except for
the added internal resonators, each of them connected to the host mass by an additional time-modulated spring.

2.2. Problem formulation

The governing equations of the general case of the locally resonant lattice with time-varying stiffness and inerter prop-
erties for the nth UC (Fig. 2b) can be expressed in a general case as a system of ordinary differential equations with time-
dependent coefficients as follows

M + ke_g (£) (= ul_y) + ke (6) (ulf — Ul ) + kg (Ul + ke () (uf — V) + (2)
B_1 (£) (il — i} ;) + B (£) (il — i}, ;) + Bgr (£)iiy+
Br—l (t)(u;1 - ul]) + Br(t)(u;1 - u:-H) + Bg’r(t)u;1 =0,

mil + ke (6) (W] —u) =0, (3)

where r=1,...,R, R is the number of masses in the nth unit cell. In general, the following terms denoted by uf, u ,
and uy, ; are related to displacements of the masses of nth unit cell in the direction of wave propagation. The term 7 is
related to displacements of the internal mass resonators. The values of all outer masses are equal and denoted by M while
the values of internal masses are also equal and denoted by m. Time-modulated parameters are given as time-dependent
functions in the case of stiffness as ky(t), inertance B:(t), ground stiffness kg (f) and ground inertance as Bg (t). In order to
study the non-reciprocal wave propagation through the time-varying one-dimensional lattice structures, we will limit our
analysis only to the case when R = 3, i.e. the case with only three masses within the unit cell of PL or three mass-in-mass
sub-systems in the case of LRL (see Fig. 2b). It should be mentioned that equations for the phononic lattice can be recovered
by neglecting the equation Eq. (3) and corresponding displacements of internal resonators. Moreover, when the index of the
displacement uf, take the values r = 0 or r > R, then the index and exponent of the displacement will be changed according
to the following, u? — u3~! and uf} — u7*1.
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The time-dependent coefficients are adopted in the harmonic form as

ki () = ko(1 + B+ (£)) = koG (8), kgr (t) = koye(1+ ﬂgmrr(t)) = koyeD: (1), (4)
ker (t) = ko&r(1 4 O+ () = ko&rGr (),
B (6) = SM(1 4 puT(6)) = SMV,(6),  Byr () = €M(1 + pynlTs(6)) = €gMW (1), (5)

By (t) = sMpm['r(t) = SMwmE(t), Bg(t) = €gMpgmlr(t) = €gMwnk(t),

where I';(t) = cos(wmt + ¢r), ¢r = %, r=1,2,...R and wy, is the frequency of modulation. In the above equations, the
following material constants are given: kg is the stiffness coefficient, By, is the stiffness ratio, y; and Bgy, are ground spring
stiffness ratios, O, and &g, are stiffness ratios of internal resonators. The parameters related to time-modulated inerters are
the inter-mass ratios s and p, while corresponding ratios €g and pgn are related to grounded inerters. The relation between
the masses of outer and inner elements in the UC is given by b = m/M. By introducing the Eqs. (4) and (5) into the system
of differential equations with time-dependent coefficients Eqs. (2) and (3), a new system of equations is obtained in the
matrix form as

1 Q .
— M(t)ii, + —C(t)a, + K(t)u,+ (6)
(,L)0 wo

1
3

MY (t)ity, g + w—’"c“)(t)un_l +KP (O, 1+
o 0

%M‘” (Oitgr + €0 ()1 + KO ()t = 0
w; Wo
where M(t) and K(t) are time-dependent mass and stiffness matrices of the unit cell, respectively, the matrix C(t) is related
to the time-modulated inerter properties, u, is the vector of displacements, natural frequency of a single oscillator is given
as w(z) = ko/M while Q, = wn/wg represents the dimensionless modulated frequency. The interaction of the nth UC with
other UCs in the lattice is given through the left and right interactions of the mass, stiffness, and time-modulated inerter
matrices expressed as M® (t), KO (t), ¢V (t) and M® (¢), KO (¢), €O (¢).

The time-dependent mass and stiffness matrices are obtained as

Q@) —sit) 0 0 0 0
—sVi (t) Qx(t) —s¥h(t) 0 0 O
wo-| 3 S < ¢ p 8| ;
0 0 0 0 b O
0 0 0 0 0 b
[ Pi(t) -G (b) 0 —&rGy (D) 0 0
—Ci(b) Pz(t)) -G () 0 —&rG, (1) : 0
_ 0 —Go(t Ps(t) 0 0 —&rG5(t)
KO=| ga0 0 0 HG® 0 o | ®
0 —ERGy (1) 0 0 &rGy (D) 0
L O 0 —&rGs (1) 0 0 &rG3 (D)
- Zi(t)  —sEy(t) O 0 0 0
—SE4 (t) Zy (t) —SE; (t) 0 0 0
co-| 37 o 280 e o
0 0 0 0O 0 O
o 0 0O 0 0 0

The time-dependent elements of matrices M(t), K(t) and C(t) are representing the collections of the parameters given
in Egs. (4) and (5) and can be easily calculated by writing the corresponding equations for the unit cells of corresponding
lattices. However, for the sake of clarity, the elements of the mass and stiffness matrices for the left (M”)(t), K(’)(t) and
cD(¢t)) and right (M (), K™ (¢t) and € (¢)) interactions are given in Appendix 1.
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2.3. Fourier expansion for time-modulated lattices

In order to apply the plane wave expansion method, where the displacement vector and time-dependent mass and stiff-
ness matrices are expanded into the Fourier series, we assume the modulation of the mass and stiffness matrices as a
wave propagation of the velocity vy, = %‘ The terms A, and Ty, are related to the spatial wavelength and temporal period
of modulation, respectively. The mass and stiffness matrices formulated as periodic functions of time with period T, are
expressed as

M(t) = M(t +Tn), C@)=C(t+Tn), K(@)=K(E+Tn), (10)

which after Fourier expansion yields the following mass matrices

M(t) = Z qul'q(l)m[’ M<l)(t) - Z Mél)eiq“’mt, M(r)(t) _ Z Mér)eiq“""t, (11)

q=—00 q=—00 q=—00
stiffness matrices
Kt)= Y Keort KO@) = Y KPetont K7 (t) = Y K eldont, (12)
g=—00 g=—c0 g=—o0

and the matrix of time-modulated inerter properties

o0 oo o0
, | N .
Ct) = Z qulqwmt, C()(t) — Z C((l)elqwmt’ C(r)(t) — Z cc(lr)etqwmt (13)
q=—00 q=—o© g=—00

where frequency of modulation wy, is related to the temporal period of modulation as Ty = i—z By considering inverse
Fourier transformation, it is easy to obtain the following Fourier coefficients for Mg, M,(J’), M(({), Ky, l(f,l), K(([) and Cg, CL(I”,
.

By considering the inverse method explained in [4], the plane wave solution of the time-varying lattice model presented
in Eq. (6) can be assumed as

u, (1) = a(t)e'ren, (14)
where a(t) = a(t + Tp) is the vector of periodic amplitude function in time, @ = Apk is the dimensionless wavenumber

(while « is the wavenumber) and w is frequency of the wave propagation. Now, it can be assumed that the vector of time-
depended amplitudes can be expanded into Fourier series with time modulation frequency wm = 27 /Ty, as

a(t) = )y aperer, (15)
p=-00

Adopting the Floquet-Bloch theorem given in [4], the solution for displacement vectors of the interaction can be ex-
pressed as

U, (£) = a(t)e'CDIret — elttuy (¢), (16)

W, () = a(t)el e — =ity (1),
Introducing the Eq. (14) into the system of equations given in Eq. (6) leads to the following matrix equation

1. . Qna .
— M(t, )ity + —C(t, )i, + K(t, p)u, =0, (17)
C()O wo

where mass, stiffness, and time-modulated inerter property matrices are determined as functions of both time t and the
dimensionless wavenumber . Finally, the mass, stiffness, and time-modulated inerter matrix are given as

M(t, 1) = M(t) + MO (t)e + M© (t)e -, (18)
K(t, 1) =K(t) + KO (t)e* + K (t)e i,

Ct. ) =Ct) + €V (t)e + D (t)e in.

Therefore, the dispersion characteristics of the time-space modulated lattice structure can be found by combining the Fourier
expansion with the Floquet-Bloch theorem for the displacement vector (Eqs. (14)-(16)), mass, stiffness, and time-modulated
inerter matrices (Eqs. (11)-(13)), which then should be introduced into the system of differential equations Eq. (17) in order
to obtain the quadratic eigenvalue problem as follows

SR+ (- Ol Mg (Wapq — iQ2m Y [+ (P — D2mICq(wapq— > Ko(w)apq =0, (19)

q=—o0 q=—o q=—00
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Fig. 3. The inerter-beam based lattice structure and the corresponding UC (red dashed line rectangle). The presented UC contains three simply-supported
beams subjected to the time-depended axial loads and coupled through layers of continuously distributed spring-inerter elements. The wavy arrow shows

the direction of wave propagation. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

with the dimensionless frequencies 2 = w/wg and Q2 = wm/we and the Fourier coefficients obtained as
N 1 [Tn/2 ) . )
My (1) = = / [M(©) + MO (©)el + M (t)e 1 Je-aont e, (20)
m J-Ty/2

. Tn/2 . ) )
Kq(p) = Tl—m f_ - [K(t) + K (t)e + K (r)e 1 ]eitontdr,

- ‘l Tin/2 . ; :
() = 7 /_ - [ct) + CVp)el™ + €7 (r)e i |eawnt d.

The relation Eq. (19) represents a slight generalization of the eigenvalue problem which enables us to study the asym-
metric band gaps of time-modulated lattices, where every matrix is a function of the wavenumber .

In general case, numbers p and g can take values from minus to plus infinity, but here we adopt a finite number of terms
in the Fourier series expansion. In such a truncated expansion, the number of equations given in Eq. (19) can be reduced to
the system of (R + N;)(2p + 1) algebraic equations. When taking the value of p =1 and q = 2, the system Eq. (19) is reduced
to the following quadratic eigenvalue problem

(Q*A; + QA; +A3)a=0, (21)

where Q2 and a are the eigenvalues and eigenvectors of the system, respectively. The matrices A;, A, and A3z are determined
as

1\7[0 ]\7[_1 M_z —Mo 0 1\7[_2 éo C_1 é_z
Al=|M; My, M|, A=2Qu|-M; 0 M, |-iQn|C C €,/
M, M, M, -M, 0 M, G ¢ G
M, 0 M, Ko K, K, -G 0 C,
As=0Q%4 M, 0 M, |- |K Ky K,|-iQ%4|-C o C,| (22)
M, 0 M, K, K Ko -G 0 G

The solution of the eigenvalue problem given in Eq. (21) can provide the dispersion characteristics of the proposed time-
modulated inerter-based lattices.

3. The inerter-beam based lattice structure

The second example of the PL model analyzed here is based on an array of parallel elastic beams mutually connected
through the layers of continuously distributed springs and inerter elements as shown in Fig. 3. The Euler-Bernoulli beam
model is adopted with simply-supported boundary conditions at each end. In order to achieve the time-modulated mass
and stiffness properties in the proposed lattice, each beam is subjected to time-dependent axial load and connected through
the time-dependent spring and inerter elements in the connecting layers. In a similar manner as before, it is considered that
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the periodically repeating unit cell of the proposed lattice consists of R = 3 coupled beams as highlighted by a red dashed
rectangular line in Fig. 3. The end conditions of a finite lattice structure chain are assumed to be of the Born-Karman type
in order to remove the reflection of the waves at boundaries. The governing equation of motion for the Euler-Bernoulli
beam with simply-supported boundary conditions and constant material parameters is derived in [43], Ch 3. However, the
model of the lattice presented here is based on multiple Euler-Bernoulli beams coupled through time-modulated springs
and inerters and applied time-varying axial load. Therefore, the presented model is an extension of the classical models of
uni-directional waveguides based on coupled beam systems with constant parameters.
The governing equations of motion of the phononic waveguide for the nth UC are given in the dimensionless form as

34 2 n

S L+ K () (W) —wh) + K5 (T) (W] —wi™) + W + P (T) 5t 8%_2 (23)

By (v) (W — W) + B3 () (W — Wwi=1) + By () (W1 — Wh) + Bs (T) (! — i) =0

4 n 2 Tl

DEd 2 LK (T) (W —wh) + Ko (T)(Wh —wh) + WA + Py(T) 52 852 (24)

B1 (7) (W5 — W) + By (7) (W5 — W) + By (7) (W5 — W) + Ba(2) (W — W)) = 0

4 n 2 ”
+K2(r)(w3—w2)+K3(r)(w3—w”*1)+w3+P3(t) (25)

PEF agz

By (T) (W — Wh) + B3 (7) (W — W) + By (7) (W2 — Wh) + By (7) (Wl — 1) = 0

where wi' = wl'(€, T) is the dimensionless displacements of the rth beam (r = 1, 2, 3), in the nth unit cell. The terms K (1),
B3(t), and P-(t) are representing the time-modulated parameters related to stiffness and inerter properties of coupling

layers and time-varying axial load, respectively. The dimensionless time is adopted as T = wqt, wg = le / % and the space

coordinate as x = £L.
By introducing the Galerkin method for the discretization of the governing partial differential equations, we can assume
a solution in the following manner

N
wHE. T) =) ¢i(€)qh(t) =1(€)q)(r). r=1_.R (26)
i=1
where 1=1(§) and qf = qf(7) are vectors with components ¢;(§) and ¢;(7). The mode shape functions ¢;(§) for simply-
supported boundary conditions of the single Euler-Bernoulli beam are adopted from Zhang et al. [44]. In this study, we
adopt N =5 Galerkin terms to discretize the governing equations of motion. Such discretized differential equations with
time functions ¢, (t) will be used to later define the corresponding eigenvalue problem.
Introducing Eq. (26) into the system of equations Eqs. (23)-(25) and applying the mode shape orthogonality condition,
we can obtain the corresponding matrix equation in the similar form as in Eq. (6), which yields

M(7)d, + C(7)q, + K(7)q,+ (27)

M (), + €D (D)1 + KO ()G + M (Ddnyg + €7 (0)lny + K (1)@ =

After applying the Floquet-Bloch theorem on the above equations, a system of ordinary differential equations for the nth
cell is obtained in the following form

M(z, Wi, + €(t, 1)@, +K(z, 1), =0, (28)
or in the expended form,
i 1\7[1 —ElAG —§3AG€W‘ .ql " .61 —§1AG —BL3.A(;€iM 'ql n
—BiA¢ M, —BaA¢ Q2 + —BA¢ .Cz —B>A¢ @ (29)
_—B3AG€71M BoAg M; qs _B~3Acefiu EZAG 63 qs
R1 —IzlAG —123AG€+W q, " 0
—KlAG K> _RZAG (¢]) = 0].
| —KsAce ™ KyAc Ks qs 0
where

M, (7) = (1+B(t) + B_1(7))Aq,
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Table 1

The parameters for the time history simulations.
Type of model The excitation period T,y ~ The simulation period Ty, The increment h
Discrete models 200 1000 1x10°!
Structural model 30 90 1x1073

K (t) = Bg + (K (7) + Kr_1(1))Ag + B (7)Cq,

C(t)=Bi(r)+B_1(1))A;, 7=1,2,3.
The matrices obtained by applying the Galerkin procedures are given as

e PN N PUE)
AG_/O 1" (§)1()de, Bc_/o V(&) ggqde. cc_/o O

To determine the dispersion characteristic of the system and find asymmetric band gaps the quadratic eigenvalue problem
should be defined from Eq. (28) and then solved by following the methodology discussed in the previous section.

4. Dispersion and uni-directional wave propagation analysis

The aim of the numerical study is to verify the applicability of the method proposed above for performing the disper-
sion analysis of the time-modulated periodic elastic lattices. The cases with and without local resonators given as one-
dimensional chains with inerters are considered. Moreover, uni-directional wave propagation is observed based on the so-
lution of a system of equations using the finite difference method (see Appendix 3). In the first part, dispersion curves are
obtained based on the Eq. (21) and corresponding matrices from Eq. (22). It should be noted that the masses M and m in
the system are considered to be constant in time while the properties of springs and inerters connecting adjacent masses
are time-modulated according to the periodic functions given by Egs. (4) and (5) with the period of the time modulation
Tm. In the second part, the same type of analysis is performed for a UC of an array of elastic beams connected through
time-modulated springs and inerters and with constant mass properties of the beams. Additionally, periodic time-varying
axial loads are applied to each of the beams, thus modulating their stiffness properties. We note that in the given examples
mass matrices are time-dependent functions due to the modulation of the inerter properties. Therefore, we can state that
simultaneous modulation of stiffness and mass properties occurs in the observed one-dimensional chains. For the time his-
tory analysis, we adopt the dimensionless time, where t = wgt. Time excitation period Tx and simulation time period Ty,
used in time response simulations for discrete and discrete-continuous structural models of PL and LRL systems are given
in Table 1.

4.1. Time-modulated one-dimensional mass-spring-inerter system

Here, we study a general case of the one-dimensional chain with UC having R = 3 masses connected to the ground and to
the adjacent UCs through springs and inerters. First, only the stiffness properties of springs are modulated and then a simul-
taneous modulation of inerters and springs is conducted. Let us first consider the solutions obtained by taking p € [—m, 7]
which for the non-modulated chain yields three bands given by Fig. 4a with three band gaps including the zero frequency
band gap induced by ground springs. If P=1 terms in the Fourier expansion are introduced, according to the formula
(R+ Nr)(2P + 1) this will lead to nine dispersion branches (where N; = 0 for the lattice without internal resonators) that
are plotted in terms of the dimensionless frequency. In Fig. 4b one can observe many crossings for certain values of the
wavenumber as well as folding of dispersion branches at the edges of the first Brillouin zone. Three families of curves can
be observed, which are parallel to each other and separated by the modulation frequency Q2. Next, the filtering method
based on the weighting and threshold process is applied based on the procedure described in [15] in order to identify fun-
damental branches associated with the component of a fundamental plane wave among the given three families of curves.
The number of fundamental branches is directly related to the number of dispersion curves in the lattice without time-
modulated properties. In general, the weighting and threshold procedure involves selection of the branch that corresponds
to the fundamental plane wave (the one carrying the most of the energy), by identifying the eigenvector corresponding
to the fundamental plane wave and using its values as a threshold to which all other values are compared. This process
eliminates from the final band diagram all the values that exceed the threshold ones. The color legends that are given in
each figure show that the fundamental branches correspond to the values of the normalized eigenvectors whose maximal
amplitude is equal to one. This process leads to showing only the fundamental branches characterized by a high-pass cut-
off at the frequency around 2 =1 at u = 0 due to the ground spring stiffness, and the low-pass cut-off at u = 4+, Fig. 4c.
Moreover, one can observe the asymmetry between the band gaps on the left and the right-hand side of the center of the
Brillouin zone is caused by the stiffness modulation of springs. This is in line with the results obtained for the similar time-
modulated stiffness periodic lattice system without inerter elements observed in [15]. Such asymmetric band structure leads
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Fig. 4. The phononic structure with time-varying stiffness properties. The excitation frequency adopted from the asymmetric band-gap to show the uni-
directional wave propagation in the time response analysis is €2 = 1.9.

to the ability of periodic lattices to support uni-directional wave propagation. Since frequency within one of the band gaps
is defined either by negative or positive wavenumber, the wave can propagate only in the backward or forward direction.
Therefore, for frequencies that belong to the asymmetric band gaps, the lattices with time-modulated properties behave as
a non-reciprocal medium after breaking the time-reversal symmetry. The influence of these properties on wave motion in
finite lattices can be illustrated through the uni-directional wave propagation for spatio-temporal modulation of the lattice.
The same values of parameters are used in the dispersion analysis. The transient response of the chain is measured for the
central mass excited at the frequency 2 = 1.9 of the asymmetric band gap lying on the negative slope dispersion branch
(see Fig. 4c). This will allow only the propagation of wave modes with positive group velocities i.e. in the forward lattice
direction +x. The total number of 70 UCs or 210 masses in the lattice is adopted with the modulation period Ap, = 3a.
Born-Karman boundary conditions are used to prevent reflections at the edges of the lattice. The finite difference method
is applied to numerically integrate the differential equations with the time step h =1 x 10~1. Figure 4d shows the result-
ing displacements along the chain against the non-dimensional time t revealing the strongly asymmetric behavior of the
displacement field due to the fact that most of the wave motion energy is carried by the waves propagating in the for-
ward lattice direction. When the primary wavefront reaches one edge of the chain it appears again on the other edge due
to the adopted Born-Karman boundary conditions. One can also observe waves with a frequency different from the picked
frequency 2 propagating in both directions but having much smaller amplitudes and group velocities different from the
primary wave.

As mentioned previously in the text, not only the stiffness properties can be modulated in time. If we apply the periodic
time-modulation of the inerters, the mass properties can also vary in time. Therefore, time-modulated inerters can serve as
another mechanism to achieve uni-directional wave propagation in periodic structures. For that purpose, we adopt the same
stiffness and mass properties as well as time-periodic modulation functions like in the previous case but with the following
inerters parameters s = 0.1, €g = 0.2, pm = 0.1 and pgn = 0.13. At the first sight, the dispersion curves in Fig. 5a, b, and ¢
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Fig. 5. The phononic structure with time-varying inerter and stiffness properties. The excitation frequency adopted from the asymmetric band-gap to show
the uni-directional wave propagation in the time response analysis is € = 1.52.

look the same as those in Fig. 4. However, a closer look reveals that in the configuration with inerters the asymmetric band
gaps are shifted to lower frequencies. Moreover, when comparing the main dispersion branches in Fig. 5c and Fig. 4c, it
can be observed that in the case with time-modulated inerters edges of the first and the second asymmetric band gaps are
shifted to the left while those of the third and fourth band gap is shifted to the right on the wavenumber axis. Such a unique
behavior of lattices with time-modulated springs and inerters was not observed earlier in the literature. This shows a high
potential for inerters to be used as band gap tuning devices in elastic periodic structures with time modulation of mass
and stiffness properties. Further, Fig. 5d displays uni-directional wave propagation for the excitation frequency wm = 1.52
within the third asymmetric band gap lying on the negative slope dispersion branch (Fig. 5c). Here, in the same way, as
in the previous case, the main wave motion energy is supported by the waves propagating in the forward direction, while
some of the waves of different frequencies and smaller amplitudes are propagating in both directions. Here, for the period
of T, = 1000, the traveling wave was able to reach the boundary of the chain just once while it reached the boundary
twice in the preceding case. This can be attributed to the fact that the frequency of the wave is lower in the second case.

4.2. Time-modulated one-dimensional mass-spring-inerter system with local resonators

In the same context we can analyse discrete mass-spring-inerter lattices with internal resonators. It is well known that
one-dimensional non-modulated elastic metamaterials can be represented by simple mass-spring periodic lattices with local
resonators, known as the acoustic metamaterials. One of the main characteristic of such systems are low frequency band
gaps. Depending on the properties of local resonators, band gaps of locally resonant origin are often bounded by flat bands.
If we introduce the time-modulated stiffness properties, dispersion characteristic can be changed and the non-reciprocal
behavior can occur in such system. Therefore, one-dimensional lattice is considered, with the UC consisting of N = 3 inner
resonators and R = 3 outer masses connected to the ground and to the adjacent masses through springs and inerters, as it
is shown on Fig. 2b. Unless stated otherwise, the following system parameters are used in simulations: 2, = 0.2, B = 0.15,
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Fig. 6. The local resonant structure with time-varying stiffness properties. The excitation frequency adopted from the asymmetric band-gap to show the
uni-directional wave propagation in the time response analysis is = 2.01.

¥¢=1,b=0.1, 6, = 0.15 and & = 0.2. Figure 6a shows the band structure of the non-modulated lattice if the influence of
the inerters was to be neglected. Six dispersion branches with five band gaps (plus the zero frequency band gap induced by
ground springs) can be identified in the band structure. Narrow band gaps that appear at the edges and in the middle of
the Brillouin zone can be characterized as Bragg type band gaps due to the nature of the bounding bands. However, Fig. 6b
shows dispersion branches of the stiffness-modulated lattice obtained for the P =1 terms in the the Fourier expansion and
whose number can be calculated according to the formula (R + N;)(2P + 1). Many band crossings and closings of dispersion
curves can be observed within the span and at the edges of the first Brillouin zone. Better understanding of the dispersion
characteristic can be obtained from Fig. 6¢ after performing the weighting and threshold process. Here, the asymmetric
band gaps can be viewed for positive wavenumbers. The structure of these band gaps is much different than those of the
lattice without resonators. The asymmetric band gaps that appear in the lower frequency branches are very narrow while
those at higher frequencies are wider. Uni-directional wave propagation is investigated for the finite lattice (with 70 UCs)
in Fig. 6d by imposing the excitation frequency 2 = 2.01, which lies within the higher frequency asymmetric band gap.
Only the displacement amplitudes of the outer masses are analyzed. The primary wave travels in the +x direction, which is
the characteristic of modes with positive group velocities. Here, some "leaking” of waves with frequencies and amplitudes
different from the ones of the primary wave can also be noticed traveling in both directions.

Much different behavior can be noticed in the lattices with local resonators and included inerter elements. The following
properties of inerters are used in numerical simulations: Qn =0.2, B =0.15, Y, =1, b=0.1, 6;, =0.15, s = 0.1, €, =0.2
and &g = 0.2. Let us first compare the band structures of the non-modulated lattices 2, = 0 without the inerter elements
(Fig. 6a) and with the inerter elements (Fig. 7a). One can notice an obvious shifting of dispersion branches and band gaps to
lower frequencies due to the introduced inerters. After the simultaneous time-modulation of stiffness and inertia properties
is applied, the dispersion characteristic of the lattice is significantly changed. Figure 7b shows many crossings and foldings
of dispersion branches within and at the edges of the first Brillouin zone. A much better picture can be obtained after
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Fig. 7. The local resonant structure with time-varying inerter and stiffness properties. The excitation frequency adopted from the asymmetric band-gap to
show the uni-directional wave propagation in the time response analysis is Q2 = 1.7.

performing the weighting and threshold process that leaves only the fundamental branches, Fig. 7c. A similar structure
of the asymmetric band gaps can be observed in this configuration as well, but at much lower frequencies due to the
introduced inerters. Note that some branches are more faded while some new ones appear when compared to those in
the configuration without the inerters as a result of the weighting process. Finally, to demonstrate the uni-directional wave
propagation we apply the following frequency of excitation 2 = 1.7 in the finite chain with 70 UCs and analyze only the
displacement amplitudes of the outer masses. The spatial profile in Fig. 7d indicates the one-way propagation of the primary
wave in the positive direction +x. However, it can be noticed that a small portion of wave energy travels to the opposite
direction of the main exciting wave, which can be attributed to the fact that additional resonators can store the part of wave
energy. Moreover, the excitation frequency should be chosen carefully within the asymmetric band gap which is not well-
formed due to the existence of extended fading branches Fig. 7c. Despite these differences, the presented results indicate

accurate predictions of asymmetric band gaps based on dispersion and Bloch wave propagation analysis when simultaneous
modulation of stiffness and inerter properties is involved.

4.3. Time-modulated inerter-beam based lattice

Upon investigation of the discrete lattice systems with inerters, we now observe the inerter-beam based lattice with
time-varying periodic loads applied at beam ends. The Bloch wave propagation analysis of a similar non-modulated sys-
tem in the configuration without inerters was previously studied in [45]. In the literature, usually, some external fields that
involve complicated setups are used to modulate the stiffness properties of materials. Here, we modulate the stiffness prop-
erties in a purely mechanical way by applying simple loads at beam ends given as a compressive periodic axial force. After
discretization of the governing equations of motions, Mathieu-Hill-type differential equations are obtained for the axially
loaded beam system. This enables us to perform the same Bloch-based dispersion analysis of the UC as in the case of dis-
crete lattices. It is assumed that the wave propagates only in the bending direction of the beams. Next, the UC with three
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simply supported beams (see Fig. 2 for details) is considered, which are connected with the neighboring beams and UCs
through layers of continuously distributed springs and inerters. The following system parameters are used in simulations
unless otherwise stated: Qpy =2, B =0.2, € =0.1, § = 0.1, kg = 100, By = 0.1, and Py = 0.2.

Figure 8 a shows the band structure of a UC of the non-modulated inerter-beam lattice with R x N number of dispersion
branches, where R =3 is the number of beams and N =5 is the number of terms (modes) adopted in the Galerkin ap-
proximation. A wide frequency range was analyzed and five sets of dispersion branches separated by large band gaps were
observed. Each set contains three phononic-like dispersion branches separated by narrow Bragg gaps. For example, the set
of dispersion branches at the lowest frequency can be easily retained if only one term is considered in the Galerkin approx-
imation with the band structure of the form similar to those of the non-modulated mass-spring lattice. Here, one can also
notice that the zero band gap appears similar to the one in the grounded mass-spring lattice, where now the beam ends
conditions play the same role. This also indicates that large band gaps in between the sets of dispersion branches could be
induced by the beam’s boundary conditions. Further, Fig. 8b shows many dispersion branches obtained when P =1 terms
in the Fourier expansion are adopted. All these branches are located around the fundamental modes within the mentioned
sets of dispersion branches but because of the narrow passbands and wide frequency range, they can be viewed only as tick
lines. However, a closer look will show many crossings and foldings between the dispersion curves. The asymmetric band
gaps with respect to the center of the Brillouin can be observed in Fig. 8c obtained from the fundamental modes after the
weighting procedure is performed. However, the asymmetric band gaps are not located in the same half of the Brillouin
zone. More precisely, in the lower frequency branches, they can be observed only for the positive wavenumbers while in
higher frequency modes they are located in the negative half of the Brillouin zone for lower (closer to the center) as well
for higher (closer to the edges) values of the wave-number. The non-reciprocal behavior of the proposed lattice for the fre-
quencies within the asymmetric band gaps can be examined based on the spatial-temporal modulation due to the applied
harmonic load on beams and the transient response of the system. Finally, the finite lattice (with 50 UCs) is considered by
imposing the excitation frequency 2 = 18.4 within the lower frequency asymmetric band gap (Fig. 9). Here, the displace-
ment amplitudes for each beam are considered at the position 0.4L. It can be observed that the primary wave travels in the
—x direction indicating that only negative group velocities are allowed for this band gap. Similar to the discrete lattices, one
can notice that some waves excited at a different frequency and have a smaller amplitude than the primary wave are travel-
ing in both directions. It should be noted that the transient response is consistent with the Bloch-based dispersion analysis
used to predict wavenumbers and group velocities. Note that in this case we also have the propagation of some waves in the
direction opposite to the direction of the main exciting wave. This wave energy leaking depends on the adopted excitation
frequency and its position within the asymmetric band gap.

5. Topological properties of the wave dispersion in inerter-based lattice
Topological characterization and bulk-edge correspondence

Here, we only investigate the topological properties of a one-dimensional time-modulated material given as a discrete
three-mass-spring phononic lattice with grounded springs. We consider both the time-modulation of spring and inerter
properties in the form of T, periodic functions of time, while masses are assumed to be constant. The adopted system is
similar to those studied in [46] except that here the inerter elements and grounded springs on each of the masses within the
UC are introduced. The main purpose of this section is to study the existence of topologically protected one-way edge modes
based on the bulk-edge correspondence and quantify their time evolution through topologically invariant Chern number.
Based on the principle of bulk-edge correspondence one can locate the frequencies of the edge modes and visualize them.
The evolution of the frequency spectrum for the finite time-modulated lattice composed of 30 UCs is computed over the
first period and for the fixed-chain boundary conditions and presented in Fig. 10. The following modulation parameters are
adopted in simulations By = 0.15, Bgn = 0.5, ;= 0.3, s =0.01, p; = 0.01, as well as the modulation frequency Q2 = 0.2.
It should be noted that for convenience the ground inerter is neglected in this analysis while for other inerters only a small
values of inerter parameter s is adopted. Besides the two main frequency band gaps, one can also observe a zero band
gap ranging from the zero frequency to the lowest frequency of the first dispersion branch, which is generated due to the
introduced ground springs. However, only the two main higher frequency band gaps are crossed by the eigenfrequencies
of edge states spanning the certain range at approximately 0.2T; (see the magnified diagram in Fig. 10b for details) for
the first band gap and around 0.96T;, for the second band gap (Fig. 10a). To verify the existence of these edge modes in
space, six different points are chosen from the frequency spectrum 10 a. Bulk modes are highlighted in green for two points,
before and after the first band gap (Fig. 10c and d), while the right (Fig. 10e) and the left (Fig. 10f) edge modes are given in
black and red color, respectively. The other two edge modes can be obtained by plotting the real part of the eigenmodes for
the corresponding frequency positions from the frequency spectrum, which is presented in Fig. 10b (denoted by triangles
colored in magenta and cyan). The localization of displacement amplitudes at the boundaries of the lattice for the chosen
edge mode frequencies is clear and consistent with the frequency spectrum analysis.

It is well known that the nonzero Chern number underpins the topological edge states. In [46], the authors proved
the adiabatic theorem for time-modulated elastic systems and provided the conditions for which the eigenvalue remains
non-degenerate. This condition requires a sufficiently small modulation frequency. However, to quantify the tilting of wave
dispersion bands they used the topologically invariant Chern number in its “numerically gauge-invariant” form, which does
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Fig. 8. The inerter-beam based lattices subjected to time-varying axial load. The number of adopted terms in Galerkin approximation is N = 5. The excita-
tion frequency adopted from the asymmetric band gap to show the uni-directional wave propagation in the time response analysis is 2 = 18.4.
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Fig. 9. The magnified first three fundamental bands from Fig. 8c showing asymmetric band gaps.
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Fig. 10. Evolution of eigenfrequencies and spatial profiles of the corresponding edge modes of a 3-periodic modulated finite periodic lattice (30 UCs) with
inerters, over one period of modulation. Two main band gaps (if the zero band gap is neglected) are visible and crossed by the eigenfrequencies of edge
states. The regions with dense blue dots denote the bulk pass bands. Panel (b) shows a magnified first band gap in the range of edge mode eigenfrequencies
around 0.2T,, where green dots highlight the chosen eigenfrequencies of the bulk modes while the black and red squares are eigenfrequencies of the right
and left edge modes, respectively. Panels (c)-(f) are the spatial profiles of the corresponding bulk and edge modes. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 11. Evolution of dispersion curves of the phononic mass-spring-inerter system with time varying stiffness properties.

not depend on the smoothness of the eigenvectors since only the derivatives of mass and stiffness matrices are involved. Fol-
lowing this line, we used a similar form of the "numerically gauge-invariant” equation for the calculation of Chern numbers
which takes the form

1 e T
G =5 [ ) /0 Bydqdt, (30)

where B, denotes the Berry curvature defined in Appendix 2. It should be noted that the equation for the Berry curva-
ture derived in this paper differs from those shown in [46] since it involves the term with the first derivative of a mass
matrix with respect to the wavenumber. The reason for this is that in our case mass matrix is both wavenumber- and
time-dependent due to the introduced time-modulated inerter elements.

Figure 11 shows the effect of inerters on the evolution of dispersion curves as a function of the dimensionless wavenum-
ber and time for an inerter-based lattice with 3-periodic modulation of stiffness properties. The following parameters are
used in simulations By = 0.15, Bgn = 0.5, s = 0.01, y; = 0.3, pm = 0.01, as well as the modulation frequency 2, = 0.2. The
separated dispersion bands can be identified by the Chern numbers based on the Eq. (30) that yield the following inte-
ger values C; = -1, (; =2 and C3 = —1 for the first three bands (see Fig. 11). When comparing the evolution of dispersion
curves in time for the configuration without and with inerters, one can observe the shifting of branches to lower frequencies
in the latter case, which is more pronounced for the higher-frequency branches. This is in line with the result obtained in
the previous section. In both configurations, with (Fig. 11a) and without inerters (Fig. 11b), the same Chern numbers are
obtained for each band, which implies that by introducing inerters the topological properties of edge states are kept, while
at the same time eigenfrequencies of bands are shifted to lower values. However, it should be noted that we were able to
retain integer Chern numbers only for the lower values of the inertia amplification parameter (Fig. 11a) which means that
the topology is very sensitive to changes in inertia properties of the system. This issue should be investigated further, which
would require additional parametric stability analyses that exceed the scope of this study.

6. Conclusion

In this study, we have demonstrated how non-reciprocal wave propagation can occur in different types of time-
modulated elastic lattices. We successfully introduced inerter elements in such latices that can be used to shift the dis-
persion curves frequencies to lower values. Two types of one-dimensional lattices are investigated. The first type includes
discrete phononic and locally resonant lattices with mass-inerter-spring elements connected into the mechanical chain while
the second type includes discrete-continuous phononic lattice based on the system of parallelly connected Euler-Bernoulli
beams coupled through discrete spring-inerter elements. The Bloch-based procedure is suggested to study the dispersion
characteristics of observed lattices with simultaneous time-modulation of stiffness and mass properties. Based on this anal-
ysis, the existence of asymmetric band gaps is confirmed and used as a basis for transient analysis and demonstration of
uni-directional wave propagation.

We additionally computed the topologically invariant Chern numbers of a simple time-modulated discrete phononic
lattice based on the derived analytical expression for the Berry curvature that accounts for the time- and wavenumber-
dependent properties of the mass matrix. The bulk-edge correspondence principle is used to characterize the one-way topo-
logical elastic waves localized at the boundaries of the time-modulated finite lattice. Moreover, we suggested a coupled
beam system with inerters that can serve as an ideal platform to implement time-modulated stiffness properties in the
classical mechanical context only by applying the periodic axial loads on beams. This fact, along with the introduction of
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the inerter elements, can be considered as the main contribution of this work, therefore, showing huge potential for future
applications such as tuning of dispersion characteristics of time-modulated elastic lattices.
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Appendix A. The components of the interactions matrices

The mass and stiffness matrices for the left and the right interactions are given in the following form

0 0 —sV5(t) 0 0 O 0O 0 0 0 0 0
00 0 0 0 0 O 0 0 0 0 0
00 0 0 0 0 _sVs(t) 0 0 0 0 0
MO0 =g 0 0 0 of M7O= 3() 00 0 0 0 (A1)
00 0 0 0 0 0O 0 0 0 0 0
00 0 0 0 0 O 0 0 0 0 0
"0 0 —sEs(t) 0 0 O 0O 0 0 0 0 0
00 0 00 O 0O 0 0 0 0 0
00 0 0 0 O _sEs(t) 0 0 0 0 0
o=y ¢ 0 0 0 of €O= 5() 00 0 0 0 (A.2)
00 0 0 0 O 0 0 0 0 0 0
00 0o 0 0 O 0 0 0 0 0 0
0 0 -G(@) 0 0 0 0O 0 0 0 0 O
00 O 0 0 O 0O 0 0 0 0 O
00 0O 00 O G@) 0 0 0 0 0
K'O=1g o o o o ol K'O= (3)() 000 0 0 (A3)
00 O 0 0 O O 0 0 0 0 O
000 0o o0 0 0 O 0 0 0 0 O

Appendix B. Berry’s curvature
For the determination of the Berry’s curvature for the presented time-modulated lattice, the starting point is to define
the vector of the Berry connection according to the Nassar et al. [46] in the following form
AL = P = Im(Wy, M, W), (B.1)
and
Al = Im(Wp, M, 3, W), (B.2)
Following the methodology given in Nasar et al. [46], the Berry’s curvature when the mass matrix is time- and

wavenumber-dependent M = M(t, ) is determined as

1 . 1 .
— o (Wn ML 3,00 + 5 (W, 9,M, xyn>}4 (B3)
By expanding along the orthogonal eigenstates W, the Berry’s curvature takes a new form

Bn = 21m{(auwn,M, W)

. 1 .
By ="y 2Im{(8,Wn, M, Wpn) (Wi, M, W) — 5 (Wi, M, Win) (Wi, M, 0, W) (B.4)

m#n
1 .
3 (W B ML W) (W, ML )
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In order to get the Berry’s curvature in the most simple form for computational implementation, we are going to remove
any derivation of the eigenvectors from the Eq. (B.4), where

(Wi, K, W) — 02 (Wi, M, W)

(Wi, M, W) = e , (B.5)
n m
W, 0, K, W) — @2 (W, 9,M, ¥
(\Ijm, M, au\ljn) — ( m 12 Tlc)uz _:;(2 m “ n) )
n m

Appendix C. Finite difference method for time responses

For validation of the specific asymmetric band gap obtained for the time-modulated inerter-based lattice structures,
the numerical simulations of the time responses of the inerter-based lattice structures were conducted by using the finite
difference method. It showed uni-directional wave propagation for the specific frequency adopted from the asymmetric band
gap obtained by the Floquet-Bloch procedures. The time responses are determined for 70 coupled UCs with Born-Karman
boundary conditions in order to remove reflections from the edges of lattices. In the case of the lattice based on inerters
and beam elements, the total number of the UCs coupled together is 50, with Born-Karman boundary conditions at the end
of the lattices.

Introducing the dimensionless time T = wgt and wmt = 2,7 into the system of differential equations obtained for the
whole structure, we can get a new system of equations with harmonic excitation positioned on the half-length of the lattice,
that is

M(7)d(t) + C(1)q(7) + K(7)q(r) = (1), (C1)

where M(7) is the time dependent mass matrix, K(7) is the stiffness matrix, C(t) time-modulated inerter matrix and f(7)
is the vector of external excitation load for a finite dimension lattice. The displacement vector is denoted by q.

By using the finite difference procedure for determination of the time-response of the inerter-based lattices, the second
and first derivative of the displacement vector can be approximated in the following manner

i(z) = q(t+h)—2(¢1(2r)+q(r—h)y (C2)

. q(t +h)+q(t —h)
q(7) = 30 ,

where h is the time increment.
By introducing the Eq. (B.7) into Eq. (B.6), for zero initial conditions we can get a recursive equation for the displacement
vector as

q(z +h) = R (0)PO)q(r —h) —R ' (1)G(v)q(r) — R (D)f(7), (C3)

in which

1 1 1 1 2
R(7) = WM(T) + ﬁC(r), P(t) = ﬁM(r) - ﬁC(‘C), G(t)=K(7) - ﬁM(r).
For all the simulation we adopt the following initial conditions q(0) = 0 and q(0) = 0.
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