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a b s t r a c t

Frontier investigations on a contemporary family of materials comprise a new class of topological ma-
terials that have been discovered in three dimensional (3D) semimetallic crystals. Beyond already un-
conventional topological quasiparticles in Dirac and Weyl semimetals, nodal-line semimetals provide an
even richer platform encompassing robust band-touching manifolds and exotic transport properties.
Classical configurations including artificial crystals have emerged as popular systems not only to replicate
these new properties in wave-based scenarios, but particularly also to ease experimental complexities of
electronic systems and to permit topological tuning via variable geometrical designs. Sonic crystals are
one of such example, in which dissimilar fluid or rigid inclusions or channels are combined to tailor the
acoustic material response at will. Here, we design a cubic lattice of guiding channels allowing us to map
topological characteristics of quasi-particles excitations to audible sound properties. Simply by varying
the cross section of these channels, we bring forward multiple phase transitions among four different
interlaced nodal features, which resemble the knitting of 3D Bloch-bulk bands in momentum space. One
nodal attribute appears to feature an acoustic version of directional massless Dirac fermions, which is
experimentally characterized and displays linear crossing in one direction and flat bands in the
perpendicular one, enabling strongly focused and collimated sound beams, thanks to this peculiar
dispersion.

© 2020 Elsevier Ltd. All rights reserved.
1. Introduction

The exploration of topological phases of matter has attracted
tremendous interests based on novel classifications of materials
and appealing transport and waveguiding characteristics [1e6].
Topological insulators (TIs) typically acquire a geometric phase
when the degeneracy such as the Dirac point in momentum space
is lifted, which leads to the appearance of gapless edge states
within the gapped bulk bands [7,8]. Unlike TIs, topological semi-
metals exhibit gapless bulk bands and the topology is characterized
by multiple band degeneracies [9,10]. These band degeneracies are
topologically protected by symmetry and can exhibit various fea-
tures of diverse dimensionalities including the zero-dimensional
(0D) nodal points, one-dimensional (1D) nodal lines or rings, and
), johan.christensen@uc3m.es
two-dimensional (2D) nodal surfaces [11e16]. The motivation to
study the topological properties of these elaborate band manifolds
(degeneracies) originates from numerous associated phenomena
such as surface Fermi arcs in Weyl semimetals [17], flat drumhead
surface states in nodal-line semimetals [18,19], etc. Unravelling new
horizons of unprecedented topological phases and related effects,
usually requires the existence of unconventional band degeneracies
with protected-symmetry [20e24]. Such band-touchings corre-
spond to multiple band crossings of novel quasiparticles carrying
different topological charges. Recently, directional massless Dirac
fermions have been reported in van der Waals materials, which
compared to conventional 2D massless Dirac cones with linear
dispersions within the crystal plane, display a remarkable linear
directional degeneracy along one path inmomentum space, but flat
in the perpendicular direction [25]. Such directional Dirac cone
(DDC) entails remarkable transport properties thanks to this un-
usual charge confining dispersion originating from a long-range
translational symmetry. Acoustic waves in artificially structured
media� a seemingly unrelated area, have lately proven to be a solid
base to experimentally test exotic states in otherwise complex
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electronic settings. Acoustic waves in fluids do not polarize and
carry no spin, yet pseudo-spins can be hand-crafted both using
metamaterials [26e28] and particularly sonic crystals to emulate
the counterpart of massless Dirac quasiparticles for sound in a
broad range of experimental realizations at different dimensions
[29e32]. It remains however uncharted to observe acoustic direc-
tional massless quasiparticles for a spinless system, which thanks
to its unique dispersion shape could serve as a topological colli-
mator to direct and focus sound at targeted hotspots.

In this work, we construct a semimetallic crystal for sound
waves based on cubic waveguide networks whose topological
bands are entirely dictated by the channel cross sections. Thus,
multiple interlaced band-touching manifolds are knitted across
various topological phases in momentum space, exhibiting quasi-
flat acoustic surface states and DDCs. Particularly, the dispersion
characteristics of the DDC evoke 3D collimation of sound for audio
frequencies. In short, our particular 3D topological design hosts
highly complex intersecting nodal features, which permits the
deployment of topological functionalities in acoustic devices.
Fig. 1. A catalogue of interlaced nodal lines and stitches as reaped from the cubic wavegui
Schematic representation of the cubic lattice under study. The air channel geometries are lab
H. (f) The BZ with two pseudo-mirror planes marked in yellow and cyan. (g) The existence
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1.1. Knitting interlaced nodal features

In Fig. 1aed, we classify four different types of interlaced nodal
features (INFs). It is shown that the a-type and the b-type INF
consist of rings that intersect where two planes cross (cyan and
yellow), which originate from the crystalline symmetries, e.g.,
mirror or glide symmetries. Conversely, when the yellow plane
intersects with two cyan planes, the g-type and the d-type are
formed, resembling a stub-like (Fig. 1c) and a hourglass-like
appearance (Fig. 1d), respectively. Figure 1e displays the sche-
matic of the cubic lattice under study. We invoke anisotropy by
designing the network of waveguides containing various cross
sections, which leads to various hopping strengths t, t0,…l0

(different color bonds) among neighbouring junctions. Considering
an periodic arrangement and using Bloch’s theorem, it suffices to
regard only the sound pressure at each junction pA, pB, …, pH [see
Supporting Information for details]. Hence, the acoustic Hamilto-
nian for a 3D lattice of waveguides reads
de lattice. Schematics of the (a) a-type, (b) b-type, (c) g-type, and (d) d-type INFs. (e)
elled by different colors, while their interconnecting junctions are marked as A;B;C;…;

of four types of INFs in the structure and the corresponding phase diagram.
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where u ¼ ½pA;pC ; pF ; pH �, v ¼ ½pB; pD; pE; pG�. ε ¼ cosð2pfLe =cÞ is
the “energy” termwith f the frequency and c ¼ 344 m= s the speed
of sound in air. Le is the effective length of two adjacent junctions,
and D is a 4� 4 matrix. The Hamiltonian H has chiral symmetry
since there exists a unitary and Hermitian operator U ¼ ½I;0;0;�I�
which anti-commutes with the Hamiltonian UHU ¼ �H [33]. For
simplicity, we fix the geometrical relation to t� s ¼ t0 � s0 ¼ Dt.
The structure possesses two translational symmetries along the
mð1;1;0Þ and the nð1;�1;0Þ directions, leading to their respective
operations Tn ¼ e�iðqx�qyÞ=2 and Tm ¼ e�iðqxþqyÞ=2 due to Bloch’s
theorem. Thus we can define two pseudo-mirror planes at qx± qy ¼
2p that lead to Tm ¼ �1 and Tn ¼ � 1, which is an important
property that can be regarded as an analogy of the Kramers pair
[34]. The Brillouin zone (BZ) is shown in Fig. 1f, inside which we
identify the two cyan and yellow pseudo-mirror planes. As we will
show, band knitting of the nodal features occurs within the two
pseudo-mirror planes.

The solutions of Eq. (1) at zero energy lead to the four type of
INFs depicted in Fig. 1g, where the green box represents the BZ, in
which the blue (red) nodal lines (stitches) reside within the yellow
Fig. 2. Experimental observation of interlaced nodal features. (a) A picture of the experiment
channels in blue (red) have widths of 5 mm (4 mm), and the center-to-center distance is L ¼
and simulation (red circles). (d) Structure of the nodal lines in the BZ (green box). The nodal f
cyan. (e)e(f) The measured iso-frequency contours at the two said mirror planes, where qm ,
intensity of the states. Dashed lines mark the predicted position of nodal lines.
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nz- (cyan mz-) plane of Fig. 1f. The four types of INFs can be
transformed into each other by varying the ratio of Dt=l as seen in
phase diagram presented in Fig. 1g. When jDt =lj>1, the crystal
acquires an a-type INF. Further, for jDt =lj ¼ 1, the a-type converts
into the d-type since the two originally separated nodal rings (blue
curves) touch each other in the center of the BZ, resulting in a linear
nodal crossing. For jDt =lj<1, the linear crossing is reopened and
the d-type evolves into the b-type. Lastly, decreasing jDt =lj ¼ 0, the
nodal chain in the nz-plane is stretched into a flat Dirac nodal line
with four-fold degeneracy at qz ¼ ±p, i.e., the g-type INF.

The g-type INF is of particular interests since its dispersion
relation allows for the directional flow of sound. In Fig. 2a we show
the 3D printed sample of the acoustic semimetallic crystal, with a
zoomed view of the unit cell in Fig. 2b. According to the foregone
theoretical model, the sample is fabricated with the following
coupling coefficients: t ¼ sz0:189, t0 ¼ s0z0:121, lz0:189, and
Dt ¼ 0. The numerical (circles) and analytical (solid lines) fre-
quency and energy dispersion relations, which reveal a remarkable
agreement, display furthermore an array of band-touching mani-
folds at zero energy, i.e., at f ¼ 7100 Hz, as seen in Fig. 2c. At this
frequency, as shown in Fig. 2d we extract the iso-frequency bands
within the green BZ, out of which we are able to separate the INF
features, that is, the straight blue nodal lines at the yellow nz-plane
and the red hyperbolic stitches at the cyan mz-plane, which touch
al sample produced by 3D printing. (b) Zoomed view of a unit cell of the sample. The air
15 mm. (c) The corresponding dispersion curves calculated by theory (blue solid lines)
eatures (red and blue) are located at two separated mirror planes marked in yellow and
qn are the normalized wave vector along m- and n-directions. Color scale indicates the



Fig. 3. Experimentally characterized directional Dirac dispersion and sound collimation. (a) 3D view of the directional Dirac cones in the nz -plane. Each linear crossing comprises a
four-fold degeneracy with flat nodal lines at qz ¼ ±p (blue). (b) Measured iso-frequency spectrum of the DDC dispersion. The color scale represents the intensity of the states. The
dashed white lines mark the predicted position of flat nodal lines. The colored cones correspond to the Dirac dispersion in (a). (c) 3D collimation of sound in response to a point
source (green star). (d) Conversion of sound emitted by a free-space point source to outgoing plane waves at 7215 Hz. Simulated (e) and measured (f) sound collimation intensity���Pj2 maps, corresponding to the cut “Line 1” in panel (c), as a function of frequency.
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at opposite corners of the BZ. By measuring the acoustic pressure at
the said frequency across both perpendicular planes within the
sample of Fig. 2a, we are able to detect separately the flat nodal
lines and the hyperbolic stitches. In concrete, the measured nodal
features in the aforementioned nz- and mz-planes are presented in
Fig. 2e-f, respectively. The color scale represents the intensity of the
states whereas the dashed lines correspond to the theoretical
prediction.
1.2. Directional Dirac cone and sound collimation

Beyond conventional Dirac cones possessing a single 0D point in
momentum space where the bands touch, we now expand upon
the flat nodal lines running parallel with qn by considering their
frequency dispersion. In doing this, we aim at elucidating the 1D
directional massless Dirac counterpart that is pinned along qz ¼ ±
p, as seen in Fig. 3a. Experimentally, the DDC is characterised by
scanning the acoustic intensity across the nz-plane using a fre-
quency sweep around the Dirac frequency. As shown in Fig. 3b,
4

several spectral snapshots from 6.76 to 7.56 kHz have been taken,
illustrating how the detected state intensities agree very well with
the theoretically predicted ones (white dashed lines). The two
crossed and colored (color map in Fig. 3a) lines at two adjacent BZ
boundaries render the conical shape of the directional cone. As
expected, the measured data confirm clearly that the dispersion
relation owns a linear crossing in the qz direction and flat bands in
the perpendicular qn direction.

The DDC dispersion holds great promise to produce strongly
confined and collimated sound beams. Due to the dispersion flat-
ness, sound can hardly escape into its respective direction, while
along the z-axis, the direction at which the linear crossing is taking
place, the acoustic waves flow in a highly directional manner. We
put this concept to the test by firstly placing a point source at the
lower interface of the cubic crystal. As the simulation in Fig. 3c
shows, sound hardly spreads laterally but maintains a strongly
collimated shape along z as the two orthogonal planes (11� 15
cells) depict. Likewise, the DDC dispersion also collimates the
emission from a point source to a plane wave. In Fig. 3d we show



Fig. 4. Predicted and measured quasi-flat acoustic surface states. (a) Winding number W surface mapping in momentum space, qk ¼ ðqx;qzÞ. The green (white) region represents
the area where W ¼ �1 (W ¼ 0). The red and blue curves are the projections of nodal lines to the surface momentum space. (b) Theoretically obtained projected surface dis-
persions. The blue lines correspond to the bulk and the green ones to the surface states. (c) Measured (background intensity contour) and numerically simulated (shaded circles)
projected bulk bands. The green dots highlight the surface waves dispersion.
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the generation of plane waves at 7215 Hz in response to a distant
source (green star). Experimentally, we run a frequency scan along
the dotted line in Fig. 3c, corresponding to 9 cells deep into the
sample. The spectral window ranges from 6.5 to 7.1 kHz as shown in
both the simulated (Fig. 3e) and measured (Fig. 3f) data. Both re-
sults, with fairly good agreement, illustrate that the acoustic in-
tensity along the indicated path remains highly confined and
directional with respect to the DDC dispersion for a rather broad
frequency window.
1.3. Quasi-flat surface states

Within the same audible frequency regime, lastly we also
demonstrate that the nontrivial topology of the g-sample gives rise
to flat surface states at the ð0;1;0Þ crystal termination plane. Due to
the existence of chiral symmetry of the Hamiltonian H, the topo-
logical invariant of the surface states can be characterized by a
winding number [33].

W ðqkÞ¼
Xh=2
j¼1

I
dq⊥
2pi

vq⊥ log Dj; (2)

where h ¼ 8 is the number of sublattices in the unit cell, q⊥ (qk) is
the vector component perpendicular (parallel) to the surface, and
Dj is the complex eigenvalue of the matrix D in Eq. (1). Thus, the
bulk-edge correspondence relates the winding of the system to the
number of protected surface states at the terminations. Figure 4a
depicts a winding number map within the 2D BZ at zero energy.
The winding number W ¼ �1 in the green region (area of the
surface states) and is zero in the blank one, in between which, the
separations are marked by the projection of the nodal lines at the
termination plane, i.e., the red and blue lines. The surface disper-
sion, as shown in Fig. 4b, is calculated by considering a finite sample
(20 cells, more details in the SI), where the green (blue) lines
correspond to the surface (bulk) states. The nontrivial region of
non-zero winding shown in Fig. 4a, coincides with the location of
the surface states. To verify the theory, we conduct both numerical
and experimental analysis as shown in Fig. 4c, which appear in
good agreement. We observe here that the surface states do not
exactly locate at zero energy, i.e., 7100 Hz, but that they are affected
by dispersion as compared to the theoretical predictions. This small
deviation stems from the fact that the sample operates slightly off
the deep subwavelength regime at which the model is valid. Other
than that, the observation of topologically protected quasi-flat
5

surface states has convincingly been conducted and might find
appealing use for robust slow-sound guiding.

2. Conclusion

By using a cubic lattice of sound guiding channels, we laid the
foundation of a tunable acoustic semimetal analogue. Simply by
varying the channel cross sections, one is able to tune across several
topological phases comprising flat nodal lines, hyperbolic stitches,
and the complex knitting of the two. Of particular interest among
the landscape of band-touching manifolds, experimentally we
unveiled a directional flat Dirac cone, which based on its unusual
dispersion profile enables the generation of audible plane waves in
response to sound emitted from a distant point source. Beyond the
transfer of basic topological concepts in electronics to highly
controllable experiments in acoustics, we foresee continuation
along this front based on the exploration of analogies and exotic
control of sound waves.

2.1. Experimental section

2.1.1. Sample
The sample was fabricated by 3D printing using photosensitive

resin. The inner widths of the square channels are 5 mm (blue) and
4 mm (red). Along the z-axis, all channels are 5 mmwide (blue). All
the channels have a thickness of 1 mm. The sample is composed of
20� 20� 17 unit cells with an overall dimension of
0:6� 0:6� 0:51 m. We use a point-like source, which is generated
from an acoustic transducer and inserted into the sample through
its channels. An acoustic detector (Knowles SPM0687LR5H MEMS
microphone with sizes of 4.72 mm � 3.76 mm) is used to probe the
excited pressure field. The data is collected and analysed using a
DAQ card (NI PCI-6251).

The g type INF: The nodal features are measured by scanning
separately the sound pressure in the nz-and mz-planes around the
zero energy. The point-like source is inserted at a distance of
several unit cells into the sample but slightly off the measured
planes. The detector is inserted into the sample through the
channels of width 5mm so that the sound pressure at the junctions
can be measured. By 2D fast Fourier transforming the signals in the
nz- and mz-planes, we obtain their momentum space contours to
map the nodal features in Fig. 2e and f.

Directional Dirac cone: In this experiment, we use the same
source as in the previous measurement and scan the field in the nz-
plane by sweeping a signal from 6.5 kHz to 8.5 kHz.



L.-Y. Zheng, X.-J. Zhang, M.-H. Lu et al. Materials Today Physics 16 (2021) 100299
3D collimation: The source is placed at the bottom center of the
sample. In order to clearly detect the sound field by avoiding strong
interference near the source, we chose a scanning-line at 9 unit
cells into the sample.

Surface waves: The surface is constructed by open ended
channels at which we place the source in the center
(6.5 kHze8.5 kHz). Again we conduct Fourier transformations to

observe the surface states along the ~G~X and ~G~Y directions, as
rendered in Fig. 4c.
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