
Heat conduction tuning by hyperbranched nanophononic metamaterials
Bing Li, K. T. Tan, and Johan Christensen

Citation: Journal of Applied Physics 123, 205105 (2018); doi: 10.1063/1.5023487
View online: https://doi.org/10.1063/1.5023487
View Table of Contents: http://aip.scitation.org/toc/jap/123/20
Published by the American Institute of Physics

http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/1019589028/x01/AIP-PT/COMSOL_JAPArticleDL_WP_051618/comsol_JAD.JPG/434f71374e315a556e61414141774c75?x
http://aip.scitation.org/author/Li%2C+Bing
http://aip.scitation.org/author/Tan%2C+K+T
http://aip.scitation.org/author/Christensen%2C+Johan
/loi/jap
https://doi.org/10.1063/1.5023487
http://aip.scitation.org/toc/jap/123/20
http://aip.scitation.org/publisher/


Heat conduction tuning by hyperbranched nanophononic metamaterials

Bing Li,1 K. T. Tan,1,a) and Johan Christensen2

1Department of Mechanical Engineering, The University of Akron, Akron, Ohio 44325-3903, USA
2Universidad Carlos III de Madrid, ES-28916 Legans (Madrid), Spain

(Received 24 January 2018; accepted 29 April 2018; published online 22 May 2018)

Phonon dispersion and thermal conduction properties of hyperbranched nanostructures with unique

topological complexity are theoretically and numerically investigated in this research. We present

analytical cantilever-in-mass models to analyze and control the inherent resonance hybridization in

hyperbranched nanomembranes containing different configurations and cross sections. We show

that these local resonances hosted by hyperbranched nanopillars can generate numerous flat bands

in the phonon dispersion relation and dramatically lower the group velocities, consequently

resulting in a significant reduction of the thermal conductivity. The applicability of the proposed

analytical models in thermal conductivity tuning is demonstrated, and a superior performance in

reducing the heat flux in nano-structured membranes is exhibited, which can potentially lead to

improved thermoelectric energy conversion devices. Published by AIP Publishing.
https://doi.org/10.1063/1.5023487

I. INTRODUCTION

Driven by the promising performance in the flux manip-

ulation of vibrational energy, phononic nanostructures have

been regarded as candidates of enormous potential for many

important applications in thermal engineering.1 Several

novel nanostructure-based thermal devices, such as thermal

diodes,2,3 thermal cloaking,4 and heat imaging,5 have been

reported to control heat transport. As a topic of particular

recent interest, thermoelectric energy conversion has

attracted increasing attention. Various man-made nanopho-

nonic structures have been investigated to target a remark-

able reduction in thermal conductivity, while not hampering

the properties of electronic transport, which plays a crucial

role in achieving high heat-to-electricity conversion effi-

ciency.6 Most of the common semiconductor nanostructures

are able to reduce their thermal conductivity based on the

design mechanisms of phonon scattering. By introducing

more obstacles, such as impurity, interfaces, or periodic

nanopores, the surface boundary and Bragg scattering are

enhanced, leading to an observable reduction in thermal con-

ductivity.7–10 However, along with a lower thermal conduc-

tivity, an undesirable blocking of the electron transport is

likely to be induced simultaneously by the same scattering

elements, which diminishes improvements to the figure of

merit of thermoelectric energy conversion.11,12

It is noted that the transmission of heat has the similar

physical mechanism with the transmission of sound. Both

can be managed by mechanical vibrations of the phonon

atomic lattice.5,13 One difference is that large wavelengths

correspond to sound wave oscillations, while short wave-

lengths correspond to heat oscillations. Analogous to the

phononic crystals for sound control, in recent years, the pho-

nonic crystals with nanoscale periodicity have shown great

potential for thermal flow control.5,13,14 Inspired by the crea-

tivity of electromagnetic/acoustic metamaterials,15–18 an

alternative strategy based on local phonon resonances has

been recently presented for thermal conductivity modifica-

tion, which is tailored in nanophononic metamaterials

(NPMs).11,12,19 The concept of NPMs was proposed for the

first time in a nanoscale configuration of pillared thin film.19

Resonance hybridizations between the local resonances of

the periodic nanopillars and the bulk modes of the host mem-

brane result in flattened bands in phonon dispersion relations,

which directly alter the group velocities of phonons.

Considering that heat is mostly carried by phonons in semi-

conducting materials,20 the modification can lead to a further

reduction in thermal conductivity. Several pioneer studies

have been conducted to evaluate the superior potential of

branched NPM in heat conduction control by using lattice

dynamics (LD) calculations,19 molecular dynamics (MD)

simulations,11,21,22 and finite element analysis (FEA).23–26 It

was further verified that the thermal conductivity reduction

is induced by the local resonance of the nanopillars. A pre-

liminary theoretical model was reported to analyze the flat

hybridization bands and tailoring of the thermal conductivity

in simple branched nanowires.24 Parametric effects and a

combination with the mechanisms of Bragg diffraction were

also explored to optimize the thermodynamic properties of

NPMs.11,23 The most recent experiment was presented to

verify the change of thermal conductivity induced by the

nanopillars.27 It is possible that the branched nanopillars can

potentially improve the figure of merit of thermoelectric

materials and lower the thermal conductivity at low tempera-

tures, while maintaining the high performance of electron

transport.

Nevertheless, the research on locally resonant NPMs is

still at the preliminary stage of development, and most of the

proposed man-made NPMs are simple branched nanostruc-

tures. The mechanisms for the reduction of thermal conduc-

tivity in these structures are still diverging. Relevant

experimental verification and theoretical investigation are

scarce. In practice, the family of branched nanostructuresa)Author to whom correspondence should be addressed: ktan@uakron.edu
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appears to be very complex, and is based on a wide variety

of configurations and non-uniform cross sections,28,29 such

as dendritic and flowerlike nanowires/nanoplates.30–33 These

hyperbranched nanostructures, with unique higher order

topological complexity, can normally offer more functionali-

ties due to their tunable physical/chemical properties, which

are regarded as potential building blocks for future elec-

tronic, photonic and sensing nano-devices.30 From the topo-

logical viewpoint, the design principle of complicated

hyperbranched nanostructures is, to some extent, in accor-

dance with the principle of locally resonant NPMs.

Therefore, they are expected to have superior performance in

phononic and thermoelectric nanodevices.

Considering that the local resonances of branched nano-

pillars play a critical role in thermal conductivity control and

the cantilever-in-mass model is an effective approach to ana-

lyze the vibration characteristics of macroscopic mechanical

metamaterial,34 we further extended this model and theoreti-

cally investigated the phonon resonance hybridization in basic

nanowires with only one simple nanopillar in the authors’ pre-

vious work.24 The branched nanopillar can be acted by a

microcantilever in nanoscale and the host membrane can be

described by a lumped mass. The phonon dispersion of the

branched nanowire can be discussed by the cantilever-in-mass

model. In addition, we can transform this cantilever-in-mass

model into a classical lumped mass-spring model, which has

been demonstrated as an efficient system to explore the

unusual properties of elastic/mechanical metamaterials17,18,35

and has recently been extended to nanostructures.36,37 The

equivalent mass-spring model can be applied to theoretically

predict the resonance hybridization frequencies,24 which are

potentially significant for designing the branched nanomem-

brane and tailoring its thermal conductivity.

However, to the best of our knowledge, no analytical

work has been reported about the heat conduction tuning

using hyperbranched NPMs with higher-order topological

complexity. This research gap in the literature is particularly

stimulating since recent experiments are in good agreement

with continuum modeling,25 which in the long wavelength

regime opens the possibility for analytical metamaterials treat-

ment. In this work, for the first time, we systematically inves-

tigate the phonon resonance hybridization between complex

hyperbranched nanopillars and the host nanomembrane.

Based on the proposed cantilever-in-mass model, we develop

various analytical models (mass-spring model, mass-in-mass

models with single/dual-resonator) to predict and control the

flat bands in hyperbranched nanostructures with different

orders of topological complexity. The influence of cross-

sectional shape on the resonance hybridization is discussed.

The effect of hyperbranched nanopillars on the modification

of thermal conductivity is theoretically and numerically

explored, and the superior performance of the proposed hyper-

branched NPMs in heat conduction tuning is presented.

II. DESIGN AND RATIONALE

A. Modification of phonon dispersion

In this paper, we propose several different two-

dimensional (2D) NPM structures to describe hyperbranched

nanomembranes with various levels of topological complexity.

An NPM membrane consisting of a basic branched unit cell

(unit cell A) is sketched in Fig. 1(a), while the other higher-

order hyperbranched unit cells (unit cells B and C) are depicted

in Figs. 2(a) and 2(b), respectively. There is a basic nanopillar

with a radius of R1 in all unit cells. For unit cell B, an addi-

tional nanopillar with a different radius of R2 is built on the

opposite surface, while for unit cell C, an additional nanopillar

resides on the side of the basic nanopillar to mimic a secondary

growth. Without loss of generality, the additional nanopillar

has different radius and length than the basic one. We design

the two configurations of unit cells B and C on the basis of the

basic growth approach for the fabrication of complicated

hyperbranched nanostructures. Most of the reported synthetic

techniques for a hyperbranched nanostructure with high order

complexity are based on the secondary and tertiary growth of a

host nanomembrane.30,31 For unit cells B and C, the fabrication

process depends on the dimensions of the nanopillars. If the

two nanopillars’ dimensions are same or similar, it is possible

to fabricate with configuration B by a secondary growth of the

host nanomembrane. But for unit cell C, another tertiary

growth is needed. If the two nanopillars’ dimensions are differ-

ent, both unit cells B and C will need a tertiary growth. It is

expected that unit cell C enables an easier fabrication process

because both nanopillars in this configuration are on the same

surface side of the host membrane. In addition, the configura-

tion unit cell C is more applicable for an extended growth

than unit cell B where area is a limitation and there is only

a restricted area on the host membrane. One potential exten-

sion of the hyperbranched nanostructure is a tree-like hyper-

branched NPM, as shown in Fig. 2(c). Based on the

FIG. 1. (a) Sketch of an NPM membrane consisting of unit cell A and (b) the relevant cantilever-in-mass and mass-spring models.
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investigation of heat conduction tuning by using unit cells B

and C, we can propose applicable models for predicting the

performance of a more complicated hyperbranched nanostruc-

ture, which is one potential benefit for practical applications.

We first investigate the effect of hyperbranched nanopil-

lars on the phonon dispersion spectrums of a host nanomem-

brane using finite element analysis (FEA). A commercial

FEA software, COMSOL Multiphysics, is selected to build

the 3D continuum models for various unit cells. The arrange-

ment of nanopillars is a periodic square lattice in the nano-

scale. The material properties utilized in the FEA models are

Young’s modulus E¼ 90 GPa, Poisson’s ratio � ¼ 0.26, and

density q ¼ 5600 kg/m3. The dimensions of the nanopillars

and host membrane in each unit cell [see Figs. 1(a) and 2]

are Lp ¼ 60 nm, Lh ¼ 50 nm, L1 ¼ 60 nm, R1 ¼ 8.46 nm, and

for unit cell B L2 ¼ 65 nm, R2 ¼ 3R1=5; for unit cell C L2 ¼
70 nm, R2 ¼ R1=2. It should be mentioned that the FEA

model used here is valid only for elastic surface scattering,

which might be the case at low temperatures, but not for the

case at room temperature, at which the scattering is mostly

diffused, and thus local resonances cannot be formed.

According to the realistic size of the nanostructures, the

eigenfrequencies from 0 to 100 GHz are calculated and the

dispersion spectrum (0–30 GHz) is taken as an example. The

considered frequency range is sufficient to evaluate thermal

properties at 0.3 K.

In Fig. 3, we predict that the periodic hyperbranched

nanopillars modify the original phonon spectrum of the host

membrane, resulting in a series of flat hybridization bands in

the dispersion relations being plotted. Compared to the dis-

persion spectrum obtained by the basic unit cell A [see Fig.

3(b)], the hyperbranched unit cells B and C successfully gen-

erate more flat hybridization bands [see Figs. 3(c) and 3(d)].

But the frequencies of these hybridization bands are differ-

ent. It is clearly shown in Fig. 3 that more than twice the

amount of flat bands are obtained by using the unit cells B

and C as compared to unit cell A within the same frequency

range, and the flatness of the band remains virtually

unchanged with parallel momentum. As we will see later,

the flattening of the branches of the phonon dispersion can

directly reduce the group velocity, and will therefore modify

the thermal conductivity. Consequently, increasing the flat

FIG. 2. Equivalent cantilever-in-mass and mass-spring models for hyperbranched NPM with (a) unit cell B and (b) unit cell C. (c) A potential extension of

hyperbranched NPM.

FIG. 3. Phonon dispersions for (a) the host nanomembrane, (b) hyperbranched nanomembrane consisting of unit cell A, (c) unit cell B and (d) unit cell C.

205105-3 Li, Tan, and Christensen J. Appl. Phys. 123, 205105 (2018)



hybridization bands makes the hyperbranched NPMs a possi-

ble candidate for heat conduction tuning.

To discuss deeper physical mechanism of the hybridi-

zation bands, we snapshot several resonance modes at vari-

ous representative frequencies for each unit cell. The

inherent coupling and hybridization between the hyper-

branched nanopillars and the host membrane are visually

captured in Fig. 4. For unit cell A, the resonant modes of

the flat hybridization bands are compared in Fig. 4(a). At

frequencies below the hybridization bands (I, II, and IV),

the entire nanostructure acts dispersionless, while around

the flat bands (III, V, and VI), strong local resonances occur

within the branched nanopillars. For unit cells B and C, all

resonance modes are captured within the flat bands, and all

of them exhibit distinct localized resonant modes in differ-

ent nanopillars. The strong resonance coupling and hybridi-

zation between the nanopillars and host membrane are

exhibited. Compared to the basic unit cell, the complicated

hyperbranched unit cells host more phonon resonances due

to the introduction of a secondary nanopillar. Figure 4(b)

illustrates that additional lower- and higher-order locally

resonant modes emerge by the additional branched nanopil-

lar (I, III and IV). Furthermore, the modal shapes of the two

nanopillars in unit cell B are relatively independent,

because they grow on two independent surfaces. For unit

cell C, we can also observe more locally resonant modes

induced by the secondary branch. However, different from

unit cell B, the local resonances of the two hyperbranched

nanopillars in unit cell C are coupled to each other [see Fig.

4(c), II, III, and VI], which cannot be analyzed separately.

Adding a secondary branch increases the tunability and

practicability of the hyperbranched nanomembrane, but

simultaneously increases the complexity.

B. Analytical models for hyperbranched
nanostructures

To theoretically explore the flatness of the branches, the

cantilever-in-mass models are proposed for various hyper-

branched NPM membranes along the C-X direction. As

shown in Figs. 1(b) and 2, the host membrane is represented

by an outer mass m1 in the cantilever-in-mass models, while

the hyperbranched nanopillars are described by mass-less

cantilever beams and inner masses. The effective length of

the mass-less beam for the basic nanopillar is Le1, and the

relevant inner mass is denoted as m2. For unit cell B, the

additional nanopillar is enacted by a separate cantilever-

mass system independent from the basic nanopillar [see Fig.

2(a)]. But for unit cell C, since the secondary branch is built

on the surface of the basic nanopillar, they will interact with

each other during the dynamic response. We cannot separate

them into two independent cantilever-mass systems during

theoretical analysis. Therefore, an additional cantilever-mass

system for the secondary branch is connected to the inner

mass of the basic nanopillar to describe the coupling effect

[see Fig. 2(b)]. The effective length of the cantilever beam

and the inner mass for the additional nanopillar are Le2 and

m3, respectively. Transforming these cantilever-in-mass

models into classical mass-spring models, we can further

obtain various lattice systems with single or dual resonators

for different unit cells, as shown in Figs. 1 and 2. The mass-

less cantilever beams are mimicked by a series of springs

with equivalent stiffnesses k1 or k2, which can be calculated

based on the Euler–Bernoulli beam theory.34,38 For the

hyperbranched nanomembrane with higher order of com-

plexity, the corresponding equivalent lattice system can be

built based on unit cells B and C [see Fig. 2(c)].

FIG. 4. Relevant resonance modes at various frequencies of I–VI for the hyperbranched NPM with (a) unit cell A, (b) unit cell B and (c) unit cell C.
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For different lattice systems under a longitudinal har-

monic force excitation (C-X direction in the hyperbranched

membranes), the equations of motion are derived, respec-

tively. as For unit cell A

Fþ k1 u2 � u1ð Þ � m1

d2u1

dt2
¼ 0

k1 u1 � u2ð Þ � m2

d2u2

dt2
¼ 0

9>>>=
>>>;
; (1)

for unit cell B

Fþ k1 u2 � u1ð Þ þ k2 u3 � u1ð Þ � m1

d2u1

dt2
¼ 0

k1 u1 � u2ð Þ � m2

d2u2

dt2
¼ 0

k2 u1 � u3ð Þ � m3

d2u3

dt2
¼ 0

9>>>>>>>=
>>>>>>>;
; (2)

for unit cell C

Fþ k1 u2 � u1ð Þ � m1

d2u1

dt2
¼ 0

k1 u1 � u2ð Þ þ k2 u3 � u2ð Þ � m2

d2u2

dt2
¼ 0

k2 u2 � u3ð Þ � m3

d2u3

dt2
¼ 0

9>>>>>>>=
>>>>>>>;
; (3)

where u1;2;3 are the displacements of m1;2;3, respectively. For

harmonic wave propagation, FðtÞ ¼ F0e�ixt and ujðtÞ
¼ Uje

�ixt; j ¼ 1; 2; 3.35 Then, we can obtain for unit cell A

k1 � m1x2 �k1

�k1 k1 � m2x2

" #
U1

U2

" #
¼ F0

0

" #
; (4)

for unit cell B

k1 þ k2 � m1x2 �k1 �k2

�k1 k1 � m2x2 0

�k2 0 k2 � m3x2

2
64

3
75 U1

U2

U3

2
64

3
75

¼
F0

0

0

2
64

3
75; (5)

for unit cell C

k1 � m1x2 �k1 0

�k1 k1 þ k2 � m2x2 �k2

0 �k2 k2 � m3x2

2
64

3
75 U1

U2

U3

2
64

3
75

¼
F0

0

0

2
64

3
75: (6)

Based on Eqs. (4)–(6), the following equations are derived:

F0 þ m1 þ
x2

2m2

x2
2 � x2

 !
x2U1 ¼ 0; for Unit cell A

F0 þ m1 þ
x2

2m2

x2
2 � x2

þ x2
3m3

x2
3 � x2

 !
x2U1 ¼ 0; for Unit cell B

F0 þ m1 þ
m2m3x2

2x
2
3 þ m2

2x
2
2 x2

3 � x2
� �

m2 x2
2 � x2

� �
x2

3 � x2
� �

� m3x2
3x

2

 !
x2U1 ¼ 0; for Unit cell C

9>>>>>>>>>>>=
>>>>>>>>>>>;

; (7)

where x is the input frequency, and x2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
k1=m2

p
and

x3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
k2=m3

p
are the localized resonance frequencies of m2

and m3, respectively.

If the unit cell of a hyperbranched nanomembrane is fur-

ther described by a single effective mass, and the effective

masses for unit cells A, B, and C are denoted as mea, meb,

and mec, respectively, based on Eq. (7), we can arrive at

mea ¼ m1 þ
x2

2m2

x2
2 � x2

meb ¼ m1 þ
x2

2m2

x2
2 � x2

þ x2
3m3

x2
3 � x2

mec ¼ m1 þ
m2m3x2

2x
2
3 þ m2

2x
2
2 x2

3 � x2
� �

m2 x2
2 � x2

� �
x2

3 � x2
� �

� m3x2
3x

2

9>>>>>>>>>>=
>>>>>>>>>>;
: (8)

The internal coupling and hybridization effects between

hyperbranched nanopillars and host membrane are mathemati-

cally described in Eq. (8). Based on a single effective mass,

we can describe and predict the resonance hybridization fre-

quencies by using one equation. This equivalent approach to

obtain a single effective mass is applicable for branched/

hyperbranched structures with different topological complexi-

ties. The vibrational coupling effects in the hyperbranched

NPMs are incorporated in the single effective mass.

Comparing various unit cells of hyperbranched nano-

membrane with their relevant mass-spring models as shown

in Figs. 1 and 2, we can readily obtain

m1 ¼ qL2
pLh; m2 ¼ qpR2

1L1; m3 ¼ qpR2
2L2: (9)

The relevant equivalent spring stiffness can be evaluated

based on the Euler–Bernoulli beam theory
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k1 ¼ 3EIx1=L3
e1; k2 ¼ 3EIx1=L3

e2; (10)

where Ix is the moment of inertia about the bending x-axis or

y-axis, and for a nanopillar with a circular cross section as

shown in Fig. 5(a), Ix ¼ pR4=4. Then, x2 and x3 are given

as

x2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ER2

1

4qL3
e1L1

s
; x3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ER2

2

4qL3
e2L2

s
: (11)

The effective lengths Le1 and Le2 can be approximately esti-

mated on the basis of dynamic analysis and continuum beam

theory.38,39 As illustrated in Fig. 5(a), for a cantilever nano-

pillar with a circular cross section subjected to a load of P at

the free end, we can obtain the deflection distribution along

the nanopillar as

Y zð Þ ¼ Pz2

6EIx
3L� zð Þ ¼ Ymc

2L3
3Lz2 � z3ð Þ; (12)

where Ymc ¼ PL3=ð3EIxÞ is the deflection at the free end and

L is the total length of the branched nanopillar. Then, the dis-

tribution of velocity variation along the nanopillar is given

by

V zð Þ ¼ Vmc

2L3
3Lz2 � z3ð Þ; (13)

where Vmc is the maximum velocity at the free end. Using

the velocity distribution, we can calculate the maximum

kinetic energy by the integral

Kmc ¼
1

2

ðL

0

qpR2 Vmc

2L3
3Lz2 � z3ð Þ

� �2

dz

¼ 1

2

33

140
qpR2L

� �
V2

mc: (14)

The branched nanopillar can also be described by another

discrete system as depicted in Fig. 5(d), where the mass-less

beam has the same length as the nanopillar, but the whole

mass is concentrated as a tip mass of me at the free end. We

can express the maximum kinetic energy of this equivalent

system as Kmc ¼ meV2
mc=2. According to Eq. (14), we obtain

the equivalent tip mass as me ¼ 0:24qpR2L. The resonant

frequency for this discrete system is expressed as

xe ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
35ER2=ð11qL4Þ

p
. Based on Eq. (11), the effective

length for the hyperbranched nanopillars in the proposed

cantilever-in-mass models can be further approximately esti-

mated to

Lei ¼ 0:62= 1� fð Þ2
h i

Li; i ¼ 1; 2; (15)

where f is a weight factor (0 � f < 0.05), which is intro-

duced by considering the small length-to-width ratio of the

nanopillars. In this case, f is taken to be 0.048. Then, based

on Eqs. (8), (10), (11), and (15), the lower order resonance

hybridization between hyperbranched nanopillars and the

host membrane can be analytically analyzed. Due to less

degrees of freedom, the proposed lumped mass models are

not adequate to evaluate the higher order hybridization reso-

nance modes of the hyperbranched NPMs. This is one limita-

tion of the proposed analytical model. We can further utilize

dynamic Euler–Lagrange equations to develop the analytical

models for describing the high frequency flat-bands in the

hyperbranched NPMs, and the relevant work about the basic

branched NPMs has been discussed in the authors’ previous

work.24

C. Hyperbranched nanopillars with various cross
sections

The possible configurations and choices of cross sec-

tions of nanopillars in the literature are rather substan-

tial.28,29 Here, we theoretically discuss the influence of cross

section on the phonon dispersion relation. Besides the nano-

pillar with a circular cross section, two other types are intro-

duced and depicted in Figs. 5(b) and 5(c), respectively. One

kind is a branched nanopillar with a square cross section,

and the other cross section is an equilateral triangle. The side

lengths of the square and triangular cross sections are a and

b, respectively. For the square and triangular nanopillars, the

moments of inertia are Ixs ¼ a4=12 and Ixt ¼
ffiffiffi
3
p

b4=96,

respectively. For the proposed cantilever-in-mass models,

Eq. (8) is still applicable for various hyperbranched nano-

structures with new cross sections, but the locally resonant

frequencies of the nanopillars are modified as

FIG. 5. Deflection distribution of a cantilever beam with (a) a circular, (b) a square and (c) an equilateral triangular cross section. (d) Sketch of a discrete

beam-tip mass system.
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x2s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ea2

4qL3
esL

s
; for square cross section

x2t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eb2

8qL3
etL

s
; for triangle cross section

9>>>>>>=
>>>>>>;
: (16)

The maximum kinetic energy for the nanopillars containing these two cross-sections can be calculated as

Kms ¼
1

2

ðL

0

qa2 Vms

2L3
3Lz2 � z3ð Þ

� �2

dz ¼ 1

2

33

140
qa2L

� �
V2

ms; for square

Kmt ¼
ffiffiffi
3
p

8

ðL

0

qb2 Vmt

2L3
3Lz2 � z3ð Þ

� �2

dz ¼ 1

2

33
ffiffiffi
3
p

560
qb2L

� �
V2

mt; for triangle

9>>>>=
>>>>;
: (17)

We can further calculate the equivalent locally resonant fre-

quencies by using the discrete system as shown in Fig. 5(d).

For square cross section, xes ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
35Ea2=ð33qL4Þ

p
, while for

triangular cross section, xet ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
35Eb2=ð66qL4Þ

p
. The effec-

tive lengths of the nanopillars in the proposed cantilever-in-

mass model can also be evaluated for different cross sec-

tions. It is interesting that, no matter which cross section is

used, the effective length can be described as Le ¼ 0:62L.

Equation (15) is applicable for all branched nanopillars of

various cross sections. According to Eqs. (11) and (16), for a

nanopillar with a constant volume and a constant length L1,

the resonant hybridization frequencies for circular, square

and triangular cross sections can be described as

x2c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3Ea2= 4pqL3

e1L1

� �q
; x2s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ea2= 4qL3

e1L1

� �q
;

x2t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Ea2= 4

ffiffiffi
3
p

qL3
e1L1

	 
r
: (18)

Consequently, one can clearly see that

x2c < x2s < x2t: (19)

Using this equation, we can predict that the hyperbranched

nanopillar with circular cross section has the lowest reso-

nance frequency when the nanopillar volume and length are

invariant, while the triangular cross section results in the

highest resonance frequency.

To verify the proposed analytical models, the compari-

son between theoretical and numerical results is conducted

for various hyperbranched nanomembranes. Based on Eqs.

(8), (10), (11), and (15), we can plot the effective mass-

frequency profiles for different unit cells, as shown in Figs.

6(a)–6(c). The total mass of mst ¼ m1 þ m2 is utilized for

normalization. The relevant phonon transmittances along the

C-X direction (see Fig. 3) for the hyperbranched nanomem-

branes consisting of 10� 10 unit cell A, B, or C are also

numerically calculated and compared in Figs. 6(a)–6(c),

respectively.

It is observed that the effective mass around the locally

resonant frequencies of hyperbranched nanopillars is nega-

tive [x2;3 is from Eq. (11)], while a couple of narrow bandg-

aps close to these frequencies is induced in the transmittance

profiles (yellow regions). The phonon transport is blocked

within the bandgaps, leading to a very low phonon transmit-

tance. The resonance hybridization frequencies can be ana-

lyzed and predicted by using the single effective mass. To

distinguish the specific nanopillar by which the specific

hybridization frequency is induced, we need to refer to the

phonon dispersion relation and mode shapes (see Figs. 3 and

4). It is observed that due to the additional hyperbranched

nanopillar, there are more bandgaps in unit cells B and C

[see Figs. 6(b) and 6(c)], which enlarge the blocking influ-

ence. The additional resonant hybridization between the two

coupling hyperbranched nanopillars in unit cell C modifies

the phonon bandgaps slightly [see Fig. 6(c)]. For all hyper-

branched nanomembranes, the numerically obtained reso-

nances agree very well with the theoretical bands of negative

mass, and also agree well with the flat hybridization bands in

the phonon dispersions (see Fig. 3).

The influence of cross section on the spectral response

is studied in Fig. 6(d). For hyperbranched NPM structures

with the same volume and the same length but different

nanopillar cross sections, the theoretical and numerical res-

onance frequencies are compared. For each cross section, a

series of nanopillar lengths from 45 to 80 nm is selected.

The theoretical resonance hybridization frequencies for

each cross section can be obtained from Eq. (18). The pho-

non dispersion spectrums for all the configurations are

numerically calculated by using COMSOL Multiphysics

based on the Bloch-Floquet theory. The frequency of the

first hybridization flat-band in each dispersion spectrum is

captured to compare with the theoretical prediction. It is

clearly exhibited in Fig. 6(d) that numerical hybridization

frequencies agree very well with the theoretical analysis for

all kinds of hyperbranched NPMs. In general, the resonance

frequency of the first flat band decreases with an increase in

the nanopillar length, which agrees with the other published

results obtained by MD calculations.11 As the analytical

models for the resonance suggest, the nanostructure with

triangular cross section always has the highest hybridiza-

tion frequency, while the circular ones have the lowest val-

ues. The relevant frequencies of the square cross section are

always slightly higher than the circular nanopillar. It is

clearly illustrated that the inherent coupling and resonance
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hybridization in the hyperbranched nanomembranes can be

theoretically controlled and modified, which can further

alter phonon group velocity and subsequently thermal con-

ductivity. In addition, it is noticed that for the NPM with a

short nanopillar (such as L1 ¼ 50 nm), the analytical results

are a little higher than the numerical hybridization frequen-

cies. It is because based on the Euler–Bernoulli beam the-

ory,38,39 the cantilever-in-mass models are less suitable for

thick and short nanopillars with very small length-to-width

ratios. This limitation is suggested to be considered during

the design of hyperbranched nanomembranes based on the

proposed analytical model.

III. HEAT CONDUCTION TUNING

A. Thermal conductivity of hyperbranched
nanostructures

Based on the Callaway-Holland (C-H) model,14,40–42

thermal conductivity of hyperbranched nanomembrane is

calculated to directly illustrate how to design the heat con-

duction property. We can evaluate the thermal conductivity

Tc by

Tc ¼
1

Lpp

X
c

ðp=Le

0

C j; cð Þv2
g j; cð Þs j; cð Þj2dj; (20)

where C is specific heat, vg is group velocity, s is the scatter-

ing time, and can be expressed, respectively, as

C j; cð Þ ¼ kB

�hx j; cð Þ
kBT

� �2

f j; cð Þ

vg j; cð Þ ¼
@x j; cð Þ
@j

s j; cð Þ ¼ sU j; cð Þ�1 þ sI j; cð Þ�1 þ sB j; cð Þ�1
h i�1

9>>>>>>>>=
>>>>>>>>;
; (21)

where j, c, kB, T, �h, and x are wave number, branch index,

Boltzmann constant, temperature, reduced Planck’s constant,

and frequency, respectively. f ðj; cÞ can be expressed as

f ðj; cÞ ¼ e�hxðj;cÞ=jBT=½e�hxðj;cÞ=jBT � 1�2. sU, sI, and sB denote

the Umklapp scattering time, impurity scattering time, and

boundary scattering time, respectively, which are written as

sU j; cð Þ�1 ¼ ATx2 j; cð Þe�B=T

sI j; cð Þ�1 ¼ Dx4 j; cð Þ

sB j; cð Þ�1 ¼ jvgj
Lb

9>>>>=
>>>>;
; (22)

where Lb ¼ Lp=ð1� qÞ is the effective boundary scattering

length, and 0 � q < 1, which is a surface specularity

FIG. 6. Theoretical normalized mass-frequency profiles and numerical transmittance-frequency profiles for hyperbranched NMPs consisting of (b) unit cell A,

(b) unit cell B and (c) unit cell C [x2;3 is from Eq. (11)]. (d) Theoretical and numerical resonance hybridization frequencies obtained under different nanopillar

lengths for hyperbranched NPMs with various cross-sections.
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parameter. This thermal conductivity model mainly discusses

the effect of group velocity spectrum on the heat conduction,

and the dispersion dependency of heat capacity is not incorpo-

rated. In this work, we use q ¼ 0, kB ¼ 1:381� 10�23 J K�1,

�h ¼ 1:055� 10�34 J s, and T¼ 0.3 K. The empirical coeffi-

cients A, B, and D are used as A ¼ 4:14� 10�15 s/K, B
¼ 899 K, and D ¼ 1:32� 10�45 s3.19

According to Eqs. (20)–(22), we compute the group

velocity from the dispersion relations along the C-X direc-

tion, and then calculate the thermal conductivity for hyper-

branched nanomembranes consisting of various unit cells. In

all calculations, we normalize the thermal conductivity to

the unstructured host nanomembrane as shown in Figs.

7(a)–7(d). We have also calculated the thermal conductivity

by using other empirical coefficients (A, B and D),43 and

results similar to Fig. 7 are obtained. It is observed from Fig.

7 that the nanomembranes containing nanopillars can gener-

ate a series of extraordinary low thermal-conductivity (close

to zero) bands around the resonance hybridization frequen-

cies, which agree well with the prediction frequencies by the

proposed analytical models. Compared to the basic branched

unit cell [Fig. 7(a)], the hyperbranched nanomembranes can

generate additional ultralow thermal-conductivity bands [see

Figs. 7(b) and 7(c)], which lead to more pronounced thermal

conductivity reduction [see Fig. 7(d)]. Furthermore, it is

observed that the normalized cumulative thermal conductivi-

ties obtained by unit cells B and C are almost identical [see

Fig. 7(d)]. This is because within the same frequency range,

there are similar total number of flat-bands (resonance

hybridization bands) and similar total flat-band bandwidth

for both configurations with two nanopillars [see Figs. 7(b)

and 7(c)]. Although it has been shown from Figs. 3 and 4

that the resonance coupling effects between the two nanopil-

lars are different for unit cells B and C, the different effects

on the thermal conductivity are very slight and can be negli-

gible, because there are only two nanopillars in these two

configurations. If more branched nanopillars with different

dimensions are introduced, it could be predicted that more

resonance hybridization bands will be induced within a fixed

frequency range. The thermal conductivity will be altered

consequently due to its strong dependency on the number of

nanopillar branches. The coupling effect between nanopillars

will require further research in the future. In addition, when

we calculate the thermal conductivity within a higher fre-

quency range, same conclusions can be drawn (see the

Appendix). These various low thermal-conductivity bands

induced by the phononic modes depend on the number, con-

figurations and dimensions of the hyperbranched nanopillars.

Finally, we can spectrally tailor these bands by using the pro-

posed analytical models in this research, which is signifi-

cantly important when designing the heat conduction

behavior.

B. Thermal transport in hyperbranched
nanostructures

Next, we study the thermal transports in nanomem-

branes with various hyperbranched nanopillars. A transient

heat-transfer model for a hyperbranched nanomembrane con-

sisting of 7� 7 unit cells is built by COMSOL Multiphysics

for each kind of hyperbranched NPM. As illustrated in Fig.

8(a), one end-surface of the nanomembrane is input by a

heat flux with an overall heat power of 2� 10�9 W, while

the temperature change at the opposite end surface (output

surface) is recorded and compared in Fig. 8(b). A boundary

condition of convective heat flux is applied to all surfaces

except the heating surface. The heat transfer coefficient is

10 W/(m2 K), and the initial and external temperatures are

0.3 K. We have employed silicon-like material for thermal

transport evaluation, whose thermal conductivity is 130 W/

(m K) and heat capacity at constant pressure is 700 J/(kg K).

The nanomembrane without any nanopillar is taken as a

reference. It should be mentioned that all kinds of hyper-

branched nanomembranes have the same volume and mass

to avoid the influence of different total heat capacities

induced by different masses. The additional nanopillars’ vol-

ume in the hyperbranched nanomembranes is homogenously

supplemented into the host nanomembrane for the

FIG. 7. Comparison of thermal conductivities as a function of frequency for (a) the host nanomembrane and the hyperbranched NPM consisting of unit cell A,

(b) unit cell B and (c) unit cell C. (d) Comparison of cumulative thermal conductivities for various hyperbranched NPMs.
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nanostructure without or with less nanopillars to maintain

the same mass for the whole structure. As depicted in Fig.

8(b), the temperature captured at the output surface has a

continuous increase with time at the beginning, and then

remains constant when the system reaches thermal equilib-

rium. It is clearly observed that under the same heating con-

dition, the hyperbranched nanomembranes always have

lower output temperature than the nanomembrane without

nanopillars during the whole dynamic heat transfer process.

The output temperature in the hyperbranched nanomem-

branes with more complexity (unit cells B and C) is signifi-

cantly decreased compared to the nanomembrane that

consists of the basic nanopillar (unit cell A). It is therefore

proven that the hyperbranched NPMs provide more capabili-

ties and efficiency in thermal engineering.

IV. CONCLUSIONS

In conclusion, on the basis of phonon dispersion engi-

neering, we presented for the first time a theoretical and

numerical investigation on thermal conductivity tuning in

hyperbranched nanostructures. We explored the inherent

coupling and resonance hybridization not only between the

hyperbranched nanopillars and host membrane but also

within hyperbranched nanopillars themselves. Furthermore,

we constructed analytical cantilever-in-mass models to

effectively analyze, optimize and control the flatness of the

phonon dispersion spectrum for hyperbranched nanomem-

branes with various complexities and cross sections.

Excellent agreement between theoretical predictions and

numerical dispersion properties was obtained. It is revealed

that the hyperbranched NPMs can generate many flat reso-

nance hybridization bands, resulting in pronounced ultra-

low group-velocity bands, leading to remarkable reduction

in thermal conductivity. The mechanism behind the thermal

conductivity reduction induced a notable superior perfor-

mance in the numerical experiments on the temporal

response of heat conduction. The thermal conductivity tun-

ing in hyperbranched nanostructures can be theoretically

manipulated and modified through the nanopillar designs as

suggested by the proposed analytical models, which could

improve future phononic and thermoelectric nanodevices.
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APPENDIX: THERMAL CONDUCTIVITY IN EXTENDED
FREQUENCY RANGE

Based on the phonon dispersions within an extended fre-

quency range (0–50 GHz), we calculate the group velocity

and obtain the thermal conductivity in a higher frequency

range for various hyperbranched nanomembranes by using

Eqs. (20)–(22). The normalized thermal conductivity-

frequency profiles and cumulative thermal conductivity-

frequency profile are exhibited in Figs. 9(a)–9(d). It is further

verified that compared to the basic branched nanomembrane

(unit cell A), the hyperbranched nanomembranes (unit cells

B and C) can generate more extraordinary low thermal-

conductivity bands, leading to more thermal conductivity

reduction in the extended frequency range [see Fig. 9(d)].

Furthermore, compared to the host nanomembrane with-

out nanopillar, we calculate the reduction ratios of the cumu-

lative thermal conductivity for the branched and

hyperbranched nanostructures, as illustrated in Fig. 10.

Although the reduction ratio has a relatively large change

within the low frequency range (below 20 GHz), the trend

converges when the frequency range is extended.

If we keep calculating the thermal conductivity for a

higher frequency, inaccuracy may be induced by the uncer-

tainty in group velocity calculation, i.e., dx=dj. At a higher

frequency range, there are more points where different dis-

persion curves seem to intersect. Normally, by using FEA

solvers, it is difficult to distinguish which phonon dispersion

branch these “intersection” points correspond to Ref. 23.

More efforts to obtain a better evaluation of group velocities

at these “intersection” points are under way.

When we reduce the dimension of the proposed hyper-

branched NPMs into a similar size as that used in some

molecular dynamics simulations,11,12,19 we obtain the pho-

non dispersion spectrums in THz. We plot Fig. 11 by using

FIG. 8. (a) Temperature distribution in a transient heat flux model for a hyperbranched NPM. (b) Comparison of dynamic thermal responses in various hyper-

branched NPMs.
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the dimension Lp¼ 3.75 nm, Lh¼ 3.13 nm, L1¼ 3.75 nm, R1

¼ 0.53 nm, and for unit cell B L2¼ 4.06 nm, R2 ¼ 3R1=5; for

unit cell C L2 ¼ 4.38 nm, R2 ¼ R1=2. In THz range, we also

observe that compared to the host nanomembrane, the basic

branched NPM (unit cell A) can generate a series of flat-

bands, and the hyperbranched NPMs (unit cells B and C) can

provide more resonance hybridization bands, which have

more potential to realize lower thermal conductivity.

FIG. 11. Phonon dispersions obtained by small-size nanostructures for (a) the host nanomembrane, (b) hyperbranched nanomembrane consisting of unit cell A,

(c) unit cell B and (d) unit cell C.

FIG. 9. Thermal conductivity-frequency profiles in extended frequency range for (a) the host nanomembrane and the hyperbranched NPMs consisting of unit

cell A, (b) unit cell B and (c) unit cell C. (d) Normalized cumulative thermal conductivities in extended frequency range.

FIG. 10. Reduction ratio of the cumula-

tive thermal conductivity as a function

of frequency for various hyperbranched

NPMs.
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